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Today

• From HMMs to MEMMs to CRFs



Structured output spaces

“Play Kanye West”
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Structured output spaces

Source: http://cocodataset.org/

http://cocodataset.org/


Space of problems

Given Predict

An image Contains a cat? Classification

Type?

An image Coordinates that 
outline all cats

Structured 
prediction

A tweet Names in the tweet Structured 
prediction

A tweet Sentiment in tweet Classification



A generative model of 
sequences

2.5. TRIGRAM HIDDEN MARKOV MODELS (TRIGRAM HMMS) 11

2.5.2 Independence Assumptions in Trigram HMMs

We now describe how the form for trigram HMMs can be derived: in particular, we
describe the independence assumptions that are made in the model. Consider a pair
of sequences of random variables X1 . . . Xn, and Y1 . . . Yn, where n is the length
of the sequences. We assume that each Xi can take any value in a finite set V of
words. For example, V might be a set of possible words in English, for example
V = {the, dog, saw, cat, laughs, . . .}. Each Yi can take any value in a finite set K
of possible tags. For example, K might be the set of possible part-of-speech tags
for English, e.g. K = {D, N, V, . . .}.

The length n is itself a random variable—it can vary across different sentences—
but we will use a similar technique to the method used for modeling variable-length
Markov processes (see chapter ??).

Our task will be to model the joint probability

P (X1 = x1 . . . Xn = xn, Y1 = y1 . . . Yn = yn)

for any observation sequence x1 . . . xn paired with a state sequence y1 . . . yn, where
each xi is a member of V , and each yi is a member of K.

We will find it convenient to define one additional random variable Yn+1, which
always takes the value STOP. This will play a similar role to the STOP symbol seen
for variable-length Markov sequences, as described in the previous lecture notes.

The key idea in hidden Markov models is the following definition:

P (X1 = x1 . . . Xn = xn, Y1 = y1 . . . Yn+1 = yn+1)

=
n+1Y

i=1

P (Yi = yi|Yi�2 = yi�2, Yi�1 = yi�1)
nY

i=1

P (Xi = xi|Yi = yi)(2.5)

where we have assumed that y0 = y�1 = *, where * is a special start symbol.
Note the similarity to our definition of trigram HMMs. In trigram HMMs we

have made the assumption that the joint probability factorizes as in Eq. 2.5, and in
addition we have assumed that for any i, for any values of yi�2, yi�1, yi,

P (Yi = yi|Yi�2 = yi�2, Yi�1 = yi�1) = q(yi|yi�2, yi�1)

and that for any value of i, for any values of xi and yi,

P (Xi = xi|Yi = yi) = e(xi|yi)

We now describe how Eq. 2.5 is derived, in particular focusing on indepen-
dence assumptions that have been made in the model. First, we can write

P (X1 = x1 . . . Xn = xn, Y1 = y1 . . . Yn+1 = yn+1)

= P (Y1 = y1 . . . Yn+1 = yn+1)⇥ P (X1 = x1 . . . Xn = xn|Y1 = y1 . . . Yn+1 = yn+1)

(2.6)

=
n+1Y

i=1

P (yi|yi�1)
nY

i=1

P (xi|yi)
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Emission probabilityTransition probability
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Emission probabilityTransition probability

A generative model of 
sequences



Graphical Representation of Hidden Markov Models

x1 x2 x3 x4

y1 y2 y3 y4y0 y5

x5

Note: handling of beginning and end of sequence is a bit di↵erent than before. Last x
is known since p(8 | 8) = 1.

9 / 98

Graphical Model (HMMs)



Limitations to HMMs

• We are restricted to features that have a coherent “generative 
story” 

• Why bother “modeling” x — it’s given! What we really care about 
is p(y|x)



Generative v discriminative

Generative 

Model joint distribution P(x,y) 
Can generate new “examples”  
To predict y, use Bayes’ rule



Generative v discriminative

Generative 

Model joint distribution P(x,y) 
Can generate new “examples”  
To predict y, use Bayes’ rule

Discriminative 

Model conditional distribution P(y|x)  
Not as amenable to semi-supervised settings; cannot readily 
“generate” new samples



Enter Max Entropy Markov 
Models (MEMMs)

• These extend standard log-linear models to capture structure in 
the outputs.  

• A bit like the structured perceptron we introduced last time, but 
explicitly model conditional probabilities of labels. 



Log-Linear Models

p(y|x,w) = exp(w · �(x, y))P
y02Y exp(w · �(x, y0))
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Log-Linear Models

p(y|x,w) = exp(w · �(x, y))P
y02Y exp(w · �(x, y0))
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measures plausibility of y given x



Log-likelihood

p(y|x,w) = exp(w · �(x, y))P
y02Y exp(w · �(x, y0))
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Log-likelihood

p(y|x,w) = exp(w · �(x, y))P
y02Y exp(w · �(x, y0))
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LL(w) =
X

i

log p(yi|xi, w)
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Back to sequences

p(y1, y2, ...ym|x1, x2, ..., xm)
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Want to model conditional probability of sequence of y
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mY

i

p(yi|y1, ..., yi�1, x1, ...xm)
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i here used to denote “index”
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<latexit sha1_base64="DP+wYovuYi0G/eNDG2VCl/L9ey8=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxChRqSKuiy6MZlBXuBNobJdNoOnUnCzEQMsc/hxldx40IRd+LGt3HSZqGtPwx8/OcczpzfjxiVyra/jYXFpeWV1cJacX1jc2vb3NltyjAWmDRwyELR9pEkjAakoahipB0JgrjPSMsfXWb11h0RkobBjUoi4nI0CGifYqS05ZlONxJhz6O3HEblxKMPiedUoGVZFZh4KT12xhV4n1sa+FHRM0u2ZU8E58HJoQRy1T3zs9sLccxJoDBDUnYcO1JuioSimJFxsRtLEiE8QgPS0RggTqSbTk4bw0Pt9GA/FPoFCk7c3xMp4lIm3NedHKmhnK1l5n+1Tqz6525KgyhWJMDTRf2YQRXCLCfYo4JgxRINCAuq/wrxEAmElU4zC8GZPXkemlXLObGq16el2kUeRwHsgwNQBg44AzVwBeqgATB4BM/gFbwZT8aL8W58TFsXjHxmD/yR8fUDSrGdNQ==</latexit>

=
mY

i

p(yi|yi�1, x1, ...xm)
<latexit sha1_base64="NztfWNFsRwx0t+HV7rgPZsizE+U=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCzUkVdCNUHTjsoK9QBvDZDJth84kYWYihthncOOruHGhiFtX7nwbp5eFtv4w8PGfczhzfj9mVCrb/jYWFpeWV1Zza/n1jc2tbXNntyGjRGBSxxGLRMtHkjAakrqiipFWLAjiPiNNf3A5qjfviJA0Cm9UGhOXo15IuxQjpS3PLJ3DTiyiwKO3HMbF1KMPqZfRI2dYhveeU4aWZWngJeiZBduyx4Lz4EyhAKaqeeZXJ4hwwkmoMENSth07Vm6GhKKYkWG+k0gSIzxAPdLWGCJOpJuNTxrCQ+0EsBsJ/UIFx+7viQxxKVPu606OVF/O1kbmf7V2orpnbkbDOFEkxJNF3YRBFcFRPjCggmDFUg0IC6r/CnEfCYSVTjGvQ3BmT56HRsVyjq3K9UmhejGNIwf2wQEoAgecgiq4AjVQBxg8gmfwCt6MJ+PFeDc+Jq0LxnRmD/yR8fkDGFSbLQ==</latexit>

i here used to denote “index”



p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

MEMMs

p(y1, y2, ...ym|x1, x2, ..., xm)
<latexit sha1_base64="EDxdzt0VKTtiBPfgILfTG8I21gI=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCyUkVdBl0Y3LCvYCbQiT6bQdOpOEmYk0xD6DG1/FjQtF3Lpy59s4abPQ1h8GPv5zDmfO70eMSmXb38bK6tr6xmZhq7i9s7u3bx4ctmQYC0yaOGSh6PhIEkYD0lRUMdKJBEHcZ6Ttj6+zevueCEnD4E4lEXE5GgZ0QDFS2vLMSlROPKcKE69WhZZlaeDwAU4yb5J7GfGKZ5Zsy54JLoOTQwnkanjmV68f4piTQGGGpOw6dqTcFAlFMSPTYi+WJEJ4jIakqzFAnEg3nZ00hafa6cNBKPQLFJy5vydSxKVMuK87OVIjuVjLzP9q3VgNLt2UBlGsSIDniwYxgyqEWT6wTwXBiiUaEBZU/xXiERIIK51iUYfgLJ68DK2a5ZxZtdvzUv0qj6MAjsEJKAMHXIA6uAEN0AQYPIJn8ArejCfjxXg3PuatK0Y+cwT+yPj8Ace6mSM=</latexit>

=
mY

i

p(yi|yi�1, x1, ...xm)
<latexit sha1_base64="NztfWNFsRwx0t+HV7rgPZsizE+U=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCzUkVdCNUHTjsoK9QBvDZDJth84kYWYihthncOOruHGhiFtX7nwbp5eFtv4w8PGfczhzfj9mVCrb/jYWFpeWV1Zza/n1jc2tbXNntyGjRGBSxxGLRMtHkjAakrqiipFWLAjiPiNNf3A5qjfviJA0Cm9UGhOXo15IuxQjpS3PLJ3DTiyiwKO3HMbF1KMPqZfRI2dYhveeU4aWZWngJeiZBduyx4Lz4EyhAKaqeeZXJ4hwwkmoMENSth07Vm6GhKKYkWG+k0gSIzxAPdLWGCJOpJuNTxrCQ+0EsBsJ/UIFx+7viQxxKVPu606OVF/O1kbmf7V2orpnbkbDOFEkxJNF3YRBFcFRPjCggmDFUg0IC6r/CnEfCYSVTjGvQ3BmT56HRsVyjq3K9UmhejGNIwf2wQEoAgecgiq4AjVQBxg8gmfwCt6MJ+PFeDc+Jq0LxnRmD/yR8fkDGFSbLQ==</latexit>

p(y|x,w) = exp(w · �(x, y))P
y02Y exp(w · �(x, y0))

<latexit sha1_base64="Ww4HFIBGVrevhEotSmFMziMzX8Y="></latexit>

Combine

With

???

For:



p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

MEMMs

p(y1, y2, ...ym|x1, x2, ..., xm)
<latexit sha1_base64="EDxdzt0VKTtiBPfgILfTG8I21gI=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCyUkVdBl0Y3LCvYCbQiT6bQdOpOEmYk0xD6DG1/FjQtF3Lpy59s4abPQ1h8GPv5zDmfO70eMSmXb38bK6tr6xmZhq7i9s7u3bx4ctmQYC0yaOGSh6PhIEkYD0lRUMdKJBEHcZ6Ttj6+zevueCEnD4E4lEXE5GgZ0QDFS2vLMSlROPKcKE69WhZZlaeDwAU4yb5J7GfGKZ5Zsy54JLoOTQwnkanjmV68f4piTQGGGpOw6dqTcFAlFMSPTYi+WJEJ4jIakqzFAnEg3nZ00hafa6cNBKPQLFJy5vydSxKVMuK87OVIjuVjLzP9q3VgNLt2UBlGsSIDniwYxgyqEWT6wTwXBiiUaEBZU/xXiERIIK51iUYfgLJ68DK2a5ZxZtdvzUv0qj6MAjsEJKAMHXIA6uAEN0AQYPIJn8ArejCfjxXg3PuatK0Y+cwT+yPj8Ace6mSM=</latexit>

=
mY

i

p(yi|yi�1, x1, ...xm)
<latexit sha1_base64="NztfWNFsRwx0t+HV7rgPZsizE+U=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCzUkVdCNUHTjsoK9QBvDZDJth84kYWYihthncOOruHGhiFtX7nwbp5eFtv4w8PGfczhzfj9mVCrb/jYWFpeWV1Zza/n1jc2tbXNntyGjRGBSxxGLRMtHkjAakrqiipFWLAjiPiNNf3A5qjfviJA0Cm9UGhOXo15IuxQjpS3PLJ3DTiyiwKO3HMbF1KMPqZfRI2dYhveeU4aWZWngJeiZBduyx4Lz4EyhAKaqeeZXJ4hwwkmoMENSth07Vm6GhKKYkWG+k0gSIzxAPdLWGCJOpJuNTxrCQ+0EsBsJ/UIFx+7viQxxKVPu606OVF/O1kbmf7V2orpnbkbDOFEkxJNF3YRBFcFRPjCggmDFUg0IC6r/CnEfCYSVTjGvQ3BmT56HRsVyjq3K9UmhejGNIwf2wQEoAgecgiq4AjVQBxg8gmfwCt6MJ+PFeDc+Jq0LxnRmD/yR8fkDGFSbLQ==</latexit>

p(y|x,w) = exp(w · �(x, y))P
y02Y exp(w · �(x, y0))

<latexit sha1_base64="Ww4HFIBGVrevhEotSmFMziMzX8Y="></latexit>

Combine

With

???

For:



p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

MEMMs

p(y1, y2, ...ym|x1, x2, ..., xm)
<latexit sha1_base64="EDxdzt0VKTtiBPfgILfTG8I21gI=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCyUkVdBl0Y3LCvYCbQiT6bQdOpOEmYk0xD6DG1/FjQtF3Lpy59s4abPQ1h8GPv5zDmfO70eMSmXb38bK6tr6xmZhq7i9s7u3bx4ctmQYC0yaOGSh6PhIEkYD0lRUMdKJBEHcZ6Ttj6+zevueCEnD4E4lEXE5GgZ0QDFS2vLMSlROPKcKE69WhZZlaeDwAU4yb5J7GfGKZ5Zsy54JLoOTQwnkanjmV68f4piTQGGGpOw6dqTcFAlFMSPTYi+WJEJ4jIakqzFAnEg3nZ00hafa6cNBKPQLFJy5vydSxKVMuK87OVIjuVjLzP9q3VgNLt2UBlGsSIDniwYxgyqEWT6wTwXBiiUaEBZU/xXiERIIK51iUYfgLJ68DK2a5ZxZtdvzUv0qj6MAjsEJKAMHXIA6uAEN0AQYPIJn8ArejCfjxXg3PuatK0Y+cwT+yPj8Ace6mSM=</latexit>

=
mY

i

p(yi|yi�1, x1, ...xm)
<latexit sha1_base64="NztfWNFsRwx0t+HV7rgPZsizE+U=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCzUkVdCNUHTjsoK9QBvDZDJth84kYWYihthncOOruHGhiFtX7nwbp5eFtv4w8PGfczhzfj9mVCrb/jYWFpeWV1Zza/n1jc2tbXNntyGjRGBSxxGLRMtHkjAakrqiipFWLAjiPiNNf3A5qjfviJA0Cm9UGhOXo15IuxQjpS3PLJ3DTiyiwKO3HMbF1KMPqZfRI2dYhveeU4aWZWngJeiZBduyx4Lz4EyhAKaqeeZXJ4hwwkmoMENSth07Vm6GhKKYkWG+k0gSIzxAPdLWGCJOpJuNTxrCQ+0EsBsJ/UIFx+7viQxxKVPu606OVF/O1kbmf7V2orpnbkbDOFEkxJNF3YRBFcFRPjCggmDFUg0IC6r/CnEfCYSVTjGvQ3BmT56HRsVyjq3K9UmhejGNIwf2wQEoAgecgiq4AjVQBxg8gmfwCt6MJ+PFeDc+Jq0LxnRmD/yR8fkDGFSbLQ==</latexit>

p(y|x,w) = exp(w · �(x, y))P
y02Y exp(w · �(x, y0))

<latexit sha1_base64="Ww4HFIBGVrevhEotSmFMziMzX8Y="></latexit>

Combine

With

???

For:



p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

MEMMs

p(y1, y2, ...ym|x1, x2, ..., xm)
<latexit sha1_base64="EDxdzt0VKTtiBPfgILfTG8I21gI=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCyUkVdBl0Y3LCvYCbQiT6bQdOpOEmYk0xD6DG1/FjQtF3Lpy59s4abPQ1h8GPv5zDmfO70eMSmXb38bK6tr6xmZhq7i9s7u3bx4ctmQYC0yaOGSh6PhIEkYD0lRUMdKJBEHcZ6Ttj6+zevueCEnD4E4lEXE5GgZ0QDFS2vLMSlROPKcKE69WhZZlaeDwAU4yb5J7GfGKZ5Zsy54JLoOTQwnkanjmV68f4piTQGGGpOw6dqTcFAlFMSPTYi+WJEJ4jIakqzFAnEg3nZ00hafa6cNBKPQLFJy5vydSxKVMuK87OVIjuVjLzP9q3VgNLt2UBlGsSIDniwYxgyqEWT6wTwXBiiUaEBZU/xXiERIIK51iUYfgLJ68DK2a5ZxZtdvzUv0qj6MAjsEJKAMHXIA6uAEN0AQYPIJn8ArejCfjxXg3PuatK0Y+cwT+yPj8Ace6mSM=</latexit>

=
mY

i

p(yi|yi�1, x1, ...xm)
<latexit sha1_base64="NztfWNFsRwx0t+HV7rgPZsizE+U=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCzUkVdCNUHTjsoK9QBvDZDJth84kYWYihthncOOruHGhiFtX7nwbp5eFtv4w8PGfczhzfj9mVCrb/jYWFpeWV1Zza/n1jc2tbXNntyGjRGBSxxGLRMtHkjAakrqiipFWLAjiPiNNf3A5qjfviJA0Cm9UGhOXo15IuxQjpS3PLJ3DTiyiwKO3HMbF1KMPqZfRI2dYhveeU4aWZWngJeiZBduyx4Lz4EyhAKaqeeZXJ4hwwkmoMENSth07Vm6GhKKYkWG+k0gSIzxAPdLWGCJOpJuNTxrCQ+0EsBsJ/UIFx+7viQxxKVPu606OVF/O1kbmf7V2orpnbkbDOFEkxJNF3YRBFcFRPjCggmDFUg0IC6r/CnEfCYSVTjGvQ3BmT56HRsVyjq3K9UmhejGNIwf2wQEoAgecgiq4AjVQBxg8gmfwCt6MJ+PFeDc+Jq0LxnRmD/yR8fkDGFSbLQ==</latexit>

p(y|x,w) = exp(w · �(x, y))P
y02Y exp(w · �(x, y0))

<latexit sha1_base64="Ww4HFIBGVrevhEotSmFMziMzX8Y="></latexit>

Combine

With

For:



Training

What will our training examples look like?

p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>



Training

What will our training examples look like?

p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

{y, [yi�1, x1, ..., xm]}
<latexit sha1_base64="z3zjSER6/HcImz3PzcrSqqcjRDA=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFFDUgVdFt24rGAv0IQwmU7aoZMLMxMxhCzd+CpuXCji1kdw59s4abPQ1h8GPv5zDmfO78WMCmma31plaXllda26XtvY3Nre0Xf3uiJKOCYdHLGI9z0kCKMh6UgqGenHnKDAY6TnTa6Leu+ecEGj8E6mMXECNAqpTzGSynL1QztLG3CQuhk9tfIGfHCtBjQMo6DAsXNXr5uGORVcBKuEOijVdvUvexjhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQGKKACCebHpLDY+UMoR9x9UIJp+7viQwFQqSBpzoDJMdivlaY/9UGifQvnYyGcSJJiGeL/IRBGcEiFTiknGDJUgUIc6r+CvEYcYSlyq6mQrDmT16EbtOwzozm7Xm9dVXGUQUH4AicAAtcgBa4AW3QARg8gmfwCt60J+1Fe9c+Zq0VrZzZB3+kff4A90yXYw==</latexit>



Predicting

arg maxŷ2Y p(y|x,w)
<latexit sha1_base64="m2lAb5FLSi5DqwxswnlPaKZTapc="></latexit>



Predicting

arg maxŷ2Y p(y|x,w)
<latexit sha1_base64="m2lAb5FLSi5DqwxswnlPaKZTapc="></latexit>

Viterbi (see last lecture)!



HMMs v MEMMs

p(yi|yi�1)p(xi|yi)
<latexit sha1_base64="QRHI5XSTKvIjvWoYD+N4bumkyMY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEdmFJqqDLohuXFewD2hAm00k7dDIJMxMxxOLGX3HjQhG3foU7/8ZpmoW2Hrhw5px7mXuPFzEqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX039zh0Rkob8ViURcQI05NSnGCktueZBVElc+pC4KT2xJ1UYVe6zJ626ZtmqWRngIrFzUgY5mq751R+EOA4IV5ghKXu2FSknRUJRzMik1I8liRAeoyHpacpRQKSTZidM4LFWBtAPhS6uYKb+nkhRIGUSeLozQGok572p+J/Xi5V/4aSUR7EiHM8+8mMGVQinecABFQQrlmiCsKB6V4hHSCCsdGolHYI9f/Iiaddr9mmtfnNWblzmcRTBITgCFWCDc9AA16AJWgCDR/AMXsGb8WS8GO/Gx6y1YOQz++APjM8fIOCWnA==</latexit>

HMM

p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

MEMM

permits richer representations!�
<latexit sha1_base64="U7EeqmYiKeTo/r/N2HofpG7Xero=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOuk26t5VvfHQrLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEU1o5D</latexit>



Feature engineering

permits richer representations!�
<latexit sha1_base64="U7EeqmYiKeTo/r/N2HofpG7Xero=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOuk26t5VvfHQrLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEU1o5D</latexit>

p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

MEMM

Yesterday secretary of state Mike Pompeo meet with Ethiopia’s Prime Minister Abiy Ahmed 

Consider NER:

What are some potential features here?



Feature engineering

Suppose we have some deep neural network that yields 
embeddings for each word; we could stack a MEMM on top of this. 

What would reasonable features be here?

p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>



The “label bias” problem

p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>



The “label bias” problem

p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

Locally re-normalized; states are competing against each other

McCallum et al., 2001



The “label bias” problem

p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

Locally re-normalized; states are competing against each other

In an extreme case, a particular y may always place all 
mass on some other y’ — ignoring the local input!



The “label bias” problem

Figure from Awni Hannun, https://awni.github.io/label-bias/

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

Y
<latexit sha1_base64="5liJAzaocy9CDCGFglLpK9GdXNs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9iHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgTInIHmeDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ1G3buoN+4va82boo4yOkGn6Bx56Ao10R1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPlhSRcw==</latexit>

Example

V

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

x: cat sat
N   Vy:

V   [cat, sat, the]

https://awni.github.io/label-bias/


p(N, V|cat, sat) = 0.1 · 1.0 = 0.1
<latexit sha1_base64="KdbXUOQHD+0tJ0GKPAGKijWr2hk=">AAACH3icbVDLSgMxFM3UV62vqks3wSJUKMNMFXUjFN24kgr2AZ1SMmnahmYeJHfEMs6fuPFX3LhQRNz1b0zbWWjrgcC559zLzT1uKLgCyxobmaXlldW17HpuY3Nreye/u1dXQSQpq9FABLLpEsUE91kNOAjWDCUjnitYwx1eT/zGA5OKB/49jELW9kjf5z1OCWipkz8Li7ED7BHi2xKuJ8nTrNB2CSsCyTG+xJZpY4d2A8C2ac3qTr5gmdYUeJHYKSmgFNVO/tvpBjTymA9UEKVathVCOyYSOBUsyTmRYiGhQ9JnLU194jHVjqf3JfhIK13cC6R+PuCp+nsiJp5SI8/VnR6BgZr3JuJ/XiuC3kU75n4YAfPpbFEvEhgCPAkLd7lkFMRIE0Il13/FdEAkoaAjzekQ7PmTF0m9bNonZvnutFC5SuPIogN0iIrIRueogm5QFdUQRc/oFb2jD+PFeDM+ja9Za8ZIZ/bRHxjjHziCn9s=</latexit>

Example from Awni Hannun, https://awni.github.io/label-bias/

x: cat sat
N   Vy:

???

V   [cat, sat, the]

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

x: cat sat
N   Vy:

p(N, V|cat, sat) = 0.1 · 1.0 = 0.1
<latexit sha1_base64="KdbXUOQHD+0tJ0GKPAGKijWr2hk=">AAACH3icbVDLSgMxFM3UV62vqks3wSJUKMNMFXUjFN24kgr2AZ1SMmnahmYeJHfEMs6fuPFX3LhQRNz1b0zbWWjrgcC559zLzT1uKLgCyxobmaXlldW17HpuY3Nreye/u1dXQSQpq9FABLLpEsUE91kNOAjWDCUjnitYwx1eT/zGA5OKB/49jELW9kjf5z1OCWipkz8Li7ED7BHi2xKuJ8nTrNB2CSsCyTG+xJZpY4d2A8C2ac3qTr5gmdYUeJHYKSmgFNVO/tvpBjTymA9UEKVathVCOyYSOBUsyTmRYiGhQ9JnLU194jHVjqf3JfhIK13cC6R+PuCp+nsiJp5SI8/VnR6BgZr3JuJ/XiuC3kU75n4YAfPpbFEvEhgCPAkLd7lkFMRIE0Il13/FdEAkoaAjzekQ7PmTF0m9bNonZvnutFC5SuPIogN0iIrIRueogm5QFdUQRc/oFb2jD+PFeDM+ja9Za8ZIZ/bRHxjjHziCn9s=</latexit>

V   [cat, sat, the]

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

x: cat sat
N   Vy:

p(N, V|cat, sat) = 0.1 · 1.0 = 0.1
<latexit sha1_base64="KdbXUOQHD+0tJ0GKPAGKijWr2hk=">AAACH3icbVDLSgMxFM3UV62vqks3wSJUKMNMFXUjFN24kgr2AZ1SMmnahmYeJHfEMs6fuPFX3LhQRNz1b0zbWWjrgcC559zLzT1uKLgCyxobmaXlldW17HpuY3Nreye/u1dXQSQpq9FABLLpEsUE91kNOAjWDCUjnitYwx1eT/zGA5OKB/49jELW9kjf5z1OCWipkz8Li7ED7BHi2xKuJ8nTrNB2CSsCyTG+xJZpY4d2A8C2ac3qTr5gmdYUeJHYKSmgFNVO/tvpBjTymA9UEKVathVCOyYSOBUsyTmRYiGhQ9JnLU194jHVjqf3JfhIK13cC6R+PuCp+nsiJp5SI8/VnR6BgZr3JuJ/XiuC3kU75n4YAfPpbFEvEhgCPAkLd7lkFMRIE0Il13/FdEAkoaAjzekQ7PmTF0m9bNonZvnutFC5SuPIogN0iIrIRueogm5QFdUQRc/oFb2jD+PFeDM+ja9Za8ZIZ/bRHxjjHziCn9s=</latexit>

p(A, N|cat, sat) = 0.9 · 0.3 = 0.27
<latexit sha1_base64="y8kKoGCAc2tiMF2g4+eVNm1UQYs=">AAACIHicbVBNS0JBFJ1nX2ZfVss2QxIYiLyngbUIrDatwiA18InMG0cdnPfBzH2RvN5PadNfadOiiNrVr2nUtyjtwMC559zLnXucQHAFpvllpBYWl5ZX0quZtfWNza3s9k5D+aGkrE594ctbhygmuMfqwEGw20Ay4jqCNZ3hxdhv3jGpuO/dwChgbZf0Pd7jlICWOtlKkI9sYPcQnRXwVRw/TAttF7AiEB/iU2wWT7BNuz5oVp7UpUonmzOL5gR4nlgJyaEEtU720+76NHSZB1QQpVqWGUA7IhI4FSzO2KFiAaFD0mctTT3iMtWOJgfG+EArXdzzpX4e4In6eyIirlIj19GdLoGBmvXG4n9eK4TecTviXhAC8+h0US8UGHw8Tgt3uWQUxEgTQiXXf8V0QCShoDPN6BCs2ZPnSaNUtMrF0vVRrnqexJFGe2gf5ZGFKqiKLlEN1RFFj+gZvaI348l4Md6Nj2lrykhmdtEfGN8/sC+gEg==</latexit>

???

V   [cat, sat, the]

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

x: cat sat
N   Vy:

p(N, V|cat, sat) = 0.1 · 1.0 = 0.1
<latexit sha1_base64="KdbXUOQHD+0tJ0GKPAGKijWr2hk=">AAACH3icbVDLSgMxFM3UV62vqks3wSJUKMNMFXUjFN24kgr2AZ1SMmnahmYeJHfEMs6fuPFX3LhQRNz1b0zbWWjrgcC559zLzT1uKLgCyxobmaXlldW17HpuY3Nreye/u1dXQSQpq9FABLLpEsUE91kNOAjWDCUjnitYwx1eT/zGA5OKB/49jELW9kjf5z1OCWipkz8Li7ED7BHi2xKuJ8nTrNB2CSsCyTG+xJZpY4d2A8C2ac3qTr5gmdYUeJHYKSmgFNVO/tvpBjTymA9UEKVathVCOyYSOBUsyTmRYiGhQ9JnLU194jHVjqf3JfhIK13cC6R+PuCp+nsiJp5SI8/VnR6BgZr3JuJ/XiuC3kU75n4YAfPpbFEvEhgCPAkLd7lkFMRIE0Il13/FdEAkoaAjzekQ7PmTF0m9bNonZvnutFC5SuPIogN0iIrIRueogm5QFdUQRc/oFb2jD+PFeDM+ja9Za8ZIZ/bRHxjjHziCn9s=</latexit>

p(A, N|cat, sat) = 0.9 · 0.3 = 0.27
<latexit sha1_base64="y8kKoGCAc2tiMF2g4+eVNm1UQYs=">AAACIHicbVBNS0JBFJ1nX2ZfVss2QxIYiLyngbUIrDatwiA18InMG0cdnPfBzH2RvN5PadNfadOiiNrVr2nUtyjtwMC559zLnXucQHAFpvllpBYWl5ZX0quZtfWNza3s9k5D+aGkrE594ctbhygmuMfqwEGw20Ay4jqCNZ3hxdhv3jGpuO/dwChgbZf0Pd7jlICWOtlKkI9sYPcQnRXwVRw/TAttF7AiEB/iU2wWT7BNuz5oVp7UpUonmzOL5gR4nlgJyaEEtU720+76NHSZB1QQpVqWGUA7IhI4FSzO2KFiAaFD0mctTT3iMtWOJgfG+EArXdzzpX4e4In6eyIirlIj19GdLoGBmvXG4n9eK4TecTviXhAC8+h0US8UGHw8Tgt3uWQUxEgTQiXXf8V0QCShoDPN6BCs2ZPnSaNUtMrF0vVRrnqexJFGe2gf5ZGFKqiKLlEN1RFFj+gZvaI348l4Md6Nj2lrykhmdtEfGN8/sC+gEg==</latexit>

V   [cat, sat, the]

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

Why is this happening?

p(N, V|cat, sat) = 0.1 · 1.0 = 0.1
<latexit sha1_base64="KdbXUOQHD+0tJ0GKPAGKijWr2hk=">AAACH3icbVDLSgMxFM3UV62vqks3wSJUKMNMFXUjFN24kgr2AZ1SMmnahmYeJHfEMs6fuPFX3LhQRNz1b0zbWWjrgcC559zLzT1uKLgCyxobmaXlldW17HpuY3Nreye/u1dXQSQpq9FABLLpEsUE91kNOAjWDCUjnitYwx1eT/zGA5OKB/49jELW9kjf5z1OCWipkz8Li7ED7BHi2xKuJ8nTrNB2CSsCyTG+xJZpY4d2A8C2ac3qTr5gmdYUeJHYKSmgFNVO/tvpBjTymA9UEKVathVCOyYSOBUsyTmRYiGhQ9JnLU194jHVjqf3JfhIK13cC6R+PuCp+nsiJp5SI8/VnR6BgZr3JuJ/XiuC3kU75n4YAfPpbFEvEhgCPAkLd7lkFMRIE0Il13/FdEAkoaAjzekQ7PmTF0m9bNonZvnutFC5SuPIogN0iIrIRueogm5QFdUQRc/oFb2jD+PFeDM+ja9Za8ZIZ/bRHxjjHziCn9s=</latexit>

p(A, N|cat, sat) = 0.9 · 0.3 = 0.27
<latexit sha1_base64="y8kKoGCAc2tiMF2g4+eVNm1UQYs=">AAACIHicbVBNS0JBFJ1nX2ZfVss2QxIYiLyngbUIrDatwiA18InMG0cdnPfBzH2RvN5PadNfadOiiNrVr2nUtyjtwMC559zLnXucQHAFpvllpBYWl5ZX0quZtfWNza3s9k5D+aGkrE594ctbhygmuMfqwEGw20Ay4jqCNZ3hxdhv3jGpuO/dwChgbZf0Pd7jlICWOtlKkI9sYPcQnRXwVRw/TAttF7AiEB/iU2wWT7BNuz5oVp7UpUonmzOL5gR4nlgJyaEEtU720+76NHSZB1QQpVqWGUA7IhI4FSzO2KFiAaFD0mctTT3iMtWOJgfG+EArXdzzpX4e4In6eyIirlIj19GdLoGBmvXG4n9eK4TecTviXhAC8+h0US8UGHw8Tgt3uWQUxEgTQiXXf8V0QCShoDPN6BCs2ZPnSaNUtMrF0vVRrnqexJFGe2gf5ZGFKqiKLlEN1RFFj+gZvaI348l4Md6Nj2lrykhmdtEfGN8/sC+gEg==</latexit>

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

Why is this happening?

p(N, V|cat, sat) = 0.1 · 1.0 = 0.1
<latexit sha1_base64="KdbXUOQHD+0tJ0GKPAGKijWr2hk=">AAACH3icbVDLSgMxFM3UV62vqks3wSJUKMNMFXUjFN24kgr2AZ1SMmnahmYeJHfEMs6fuPFX3LhQRNz1b0zbWWjrgcC559zLzT1uKLgCyxobmaXlldW17HpuY3Nreye/u1dXQSQpq9FABLLpEsUE91kNOAjWDCUjnitYwx1eT/zGA5OKB/49jELW9kjf5z1OCWipkz8Li7ED7BHi2xKuJ8nTrNB2CSsCyTG+xJZpY4d2A8C2ac3qTr5gmdYUeJHYKSmgFNVO/tvpBjTymA9UEKVathVCOyYSOBUsyTmRYiGhQ9JnLU194jHVjqf3JfhIK13cC6R+PuCp+nsiJp5SI8/VnR6BgZr3JuJ/XiuC3kU75n4YAfPpbFEvEhgCPAkLd7lkFMRIE0Il13/FdEAkoaAjzekQ7PmTF0m9bNonZvnutFC5SuPIogN0iIrIRueogm5QFdUQRc/oFb2jD+PFeDM+ja9Za8ZIZ/bRHxjjHziCn9s=</latexit>

p(A, N|cat, sat) = 0.9 · 0.3 = 0.27
<latexit sha1_base64="y8kKoGCAc2tiMF2g4+eVNm1UQYs=">AAACIHicbVBNS0JBFJ1nX2ZfVss2QxIYiLyngbUIrDatwiA18InMG0cdnPfBzH2RvN5PadNfadOiiNrVr2nUtyjtwMC559zLnXucQHAFpvllpBYWl5ZX0quZtfWNza3s9k5D+aGkrE594ctbhygmuMfqwEGw20Ay4jqCNZ3hxdhv3jGpuO/dwChgbZf0Pd7jlICWOtlKkI9sYPcQnRXwVRw/TAttF7AiEB/iU2wWT7BNuz5oVp7UpUonmzOL5gR4nlgJyaEEtU720+76NHSZB1QQpVqWGUA7IhI4FSzO2KFiAaFD0mctTT3iMtWOJgfG+EArXdzzpX4e4In6eyIirlIj19GdLoGBmvXG4n9eK4TecTviXhAC8+h0US8UGHw8Tgt3uWQUxEgTQiXXf8V0QCShoDPN6BCs2ZPnSaNUtMrF0vVRrnqexJFGe2gf5ZGFKqiKLlEN1RFFj+gZvaI348l4Md6Nj2lrykhmdtEfGN8/sC+gEg==</latexit>

“cat” rarely seen as first word; poorly calibrated.  
But the mass has to go somewhere! Why?

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

Why is this happening?

p(N, V|cat, sat) = 0.1 · 1.0 = 0.1
<latexit sha1_base64="KdbXUOQHD+0tJ0GKPAGKijWr2hk=">AAACH3icbVDLSgMxFM3UV62vqks3wSJUKMNMFXUjFN24kgr2AZ1SMmnahmYeJHfEMs6fuPFX3LhQRNz1b0zbWWjrgcC559zLzT1uKLgCyxobmaXlldW17HpuY3Nreye/u1dXQSQpq9FABLLpEsUE91kNOAjWDCUjnitYwx1eT/zGA5OKB/49jELW9kjf5z1OCWipkz8Li7ED7BHi2xKuJ8nTrNB2CSsCyTG+xJZpY4d2A8C2ac3qTr5gmdYUeJHYKSmgFNVO/tvpBjTymA9UEKVathVCOyYSOBUsyTmRYiGhQ9JnLU194jHVjqf3JfhIK13cC6R+PuCp+nsiJp5SI8/VnR6BgZr3JuJ/XiuC3kU75n4YAfPpbFEvEhgCPAkLd7lkFMRIE0Il13/FdEAkoaAjzekQ7PmTF0m9bNonZvnutFC5SuPIogN0iIrIRueogm5QFdUQRc/oFb2jD+PFeDM+ja9Za8ZIZ/bRHxjjHziCn9s=</latexit>

p(A, N|cat, sat) = 0.9 · 0.3 = 0.27
<latexit sha1_base64="y8kKoGCAc2tiMF2g4+eVNm1UQYs=">AAACIHicbVBNS0JBFJ1nX2ZfVss2QxIYiLyngbUIrDatwiA18InMG0cdnPfBzH2RvN5PadNfadOiiNrVr2nUtyjtwMC559zLnXucQHAFpvllpBYWl5ZX0quZtfWNza3s9k5D+aGkrE594ctbhygmuMfqwEGw20Ay4jqCNZ3hxdhv3jGpuO/dwChgbZf0Pd7jlICWOtlKkI9sYPcQnRXwVRw/TAttF7AiEB/iU2wWT7BNuz5oVp7UpUonmzOL5gR4nlgJyaEEtU720+76NHSZB1QQpVqWGUA7IhI4FSzO2KFiAaFD0mctTT3iMtWOJgfG+EArXdzzpX4e4In6eyIirlIj19GdLoGBmvXG4n9eK4TecTviXhAC8+h0US8UGHw8Tgt3uWQUxEgTQiXXf8V0QCShoDPN6BCs2ZPnSaNUtMrF0vVRrnqexJFGe2gf5ZGFKqiKLlEN1RFFj+gZvaI348l4Md6Nj2lrykhmdtEfGN8/sC+gEg==</latexit>

“cat” rarely seen as first word; poorly calibrated.  
But the mass has to go somewhere! Why? 

Transitions are locally normalized

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

Hypothetical unnormalized edge scores

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

Hypothetical unnormalized edge scores

Both are low! We are not confident about what to do with cat

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

Hypothetical unnormalized edge scores

score(A, N|cat, sat) = 5 + 21 = 26
<latexit sha1_base64="OS4pNCHnCcV5NwRVoFqrtt8IWOo=">AAACInicbVDJSgNBEO1xjXGLevTSGARFCTNxPwhRL54kglEhCaGnU5M06VnorhHDON/ixV/x4kFRT4IfY2c5uD1oePVeFdX13EgKjbb9YY2Mjo1PTGamstMzs3PzuYXFSx3GikOFhzJU1y7TIEUAFRQo4TpSwHxXwpXbOen5VzegtAiDC+xGUPdZKxCe4AyN1Mgd1BBuMdE8VJCuJYPqaJOependoDCdm1QzTNfpId2hG7ToGFLcbeTydsHug/4lzpDkyRDlRu6t1gx57EOAXDKtq44dYT1hCgWXkGZrsYaI8Q5rQdXQgPmg60n/xJSuGqVJvVCZFyDtq98nEuZr3fVd0+kzbOvfXk/8z6vG6O3XExFEMULAB4u8WFIMaS8v2hQKOMquIYwrYf5KeZspxtGkmjUhOL9P/ksuiwVnq1A8386XjodxZMgyWSFrxCF7pEROSZlUCCf35JE8kxfrwXqyXq33QeuINZxZIj9gfX4BVuaiIQ==</latexit>

score(N, V|cat, sat) = 3 + 100 = 103
<latexit sha1_base64="neHIvlPxb2nEFk2kkxH1AH4/JLE=">AAACJHicbVDJSgNBEO2Je9yiHr00BiGihBkjKIggevEkEUwiJEPo6dSYxp6F7hoxjPMxXvwVLx5c8ODFb7GzHDT6oOHVe1VU1/NiKTTa9qeVm5icmp6ZncvPLywuLRdWVus6ShSHGo9kpK48pkGKEGooUMJVrIAFnoSGd3Pa9xu3oLSIwkvsxeAG7DoUvuAMjdQuHLYQ7jDVPFKQldJhdb5D61l2PyxM5w7VDLMtekQrdJs6tm2YY1fahaJdtgegf4kzIkUyQrVdeGt1Ip4EECKXTOumY8fopkyh4BKyfCvREDN+w66haWjIAtBuOjgyo5tG6VA/UuaFSAfqz4mUBVr3As90Bgy7etzri/95zQT9AzcVYZwghHy4yE8kxYj2E6MdoYCj7BnCuBLmr5R3mWIcTa55E4IzfvJfUt8tO5Xy7sVe8fhkFMcsWScbpEQcsk+OyRmpkhrh5IE8kRfyaj1az9a79TFszVmjmTXyC9bXN3CToqI=</latexit>

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

Hypothetical unnormalized edge scores

score(A, N|cat, sat) = 5 + 21 = 26
<latexit sha1_base64="OS4pNCHnCcV5NwRVoFqrtt8IWOo=">AAACInicbVDJSgNBEO1xjXGLevTSGARFCTNxPwhRL54kglEhCaGnU5M06VnorhHDON/ixV/x4kFRT4IfY2c5uD1oePVeFdX13EgKjbb9YY2Mjo1PTGamstMzs3PzuYXFSx3GikOFhzJU1y7TIEUAFRQo4TpSwHxXwpXbOen5VzegtAiDC+xGUPdZKxCe4AyN1Mgd1BBuMdE8VJCuJYPqaJOependoDCdm1QzTNfpId2hG7ToGFLcbeTydsHug/4lzpDkyRDlRu6t1gx57EOAXDKtq44dYT1hCgWXkGZrsYaI8Q5rQdXQgPmg60n/xJSuGqVJvVCZFyDtq98nEuZr3fVd0+kzbOvfXk/8z6vG6O3XExFEMULAB4u8WFIMaS8v2hQKOMquIYwrYf5KeZspxtGkmjUhOL9P/ksuiwVnq1A8386XjodxZMgyWSFrxCF7pEROSZlUCCf35JE8kxfrwXqyXq33QeuINZxZIj9gfX4BVuaiIQ==</latexit>

score(N, V|cat, sat) = 3 + 100 = 103
<latexit sha1_base64="neHIvlPxb2nEFk2kkxH1AH4/JLE=">AAACJHicbVDJSgNBEO2Je9yiHr00BiGihBkjKIggevEkEUwiJEPo6dSYxp6F7hoxjPMxXvwVLx5c8ODFb7GzHDT6oOHVe1VU1/NiKTTa9qeVm5icmp6ZncvPLywuLRdWVus6ShSHGo9kpK48pkGKEGooUMJVrIAFnoSGd3Pa9xu3oLSIwkvsxeAG7DoUvuAMjdQuHLYQ7jDVPFKQldJhdb5D61l2PyxM5w7VDLMtekQrdJs6tm2YY1fahaJdtgegf4kzIkUyQrVdeGt1Ip4EECKXTOumY8fopkyh4BKyfCvREDN+w66haWjIAtBuOjgyo5tG6VA/UuaFSAfqz4mUBVr3As90Bgy7etzri/95zQT9AzcVYZwghHy4yE8kxYj2E6MdoYCj7BnCuBLmr5R3mWIcTa55E4IzfvJfUt8tO5Xy7sVe8fhkFMcsWScbpEQcsk+OyRmpkhrh5IE8kRfyaj1az9a79TFszVmjmTXyC9bXN3CToqI=</latexit>

Reversed!

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

Hypothetical unnormalized edge scores

score(A, N|cat, sat) = 5 + 21 = 26
<latexit sha1_base64="OS4pNCHnCcV5NwRVoFqrtt8IWOo=">AAACInicbVDJSgNBEO1xjXGLevTSGARFCTNxPwhRL54kglEhCaGnU5M06VnorhHDON/ixV/x4kFRT4IfY2c5uD1oePVeFdX13EgKjbb9YY2Mjo1PTGamstMzs3PzuYXFSx3GikOFhzJU1y7TIEUAFRQo4TpSwHxXwpXbOen5VzegtAiDC+xGUPdZKxCe4AyN1Mgd1BBuMdE8VJCuJYPqaJOependoDCdm1QzTNfpId2hG7ToGFLcbeTydsHug/4lzpDkyRDlRu6t1gx57EOAXDKtq44dYT1hCgWXkGZrsYaI8Q5rQdXQgPmg60n/xJSuGqVJvVCZFyDtq98nEuZr3fVd0+kzbOvfXk/8z6vG6O3XExFEMULAB4u8WFIMaS8v2hQKOMquIYwrYf5KeZspxtGkmjUhOL9P/ksuiwVnq1A8386XjodxZMgyWSFrxCF7pEROSZlUCCf35JE8kxfrwXqyXq33QeuINZxZIj9gfX4BVuaiIQ==</latexit>

score(N, V|cat, sat) = 3 + 100 = 103
<latexit sha1_base64="neHIvlPxb2nEFk2kkxH1AH4/JLE=">AAACJHicbVDJSgNBEO2Je9yiHr00BiGihBkjKIggevEkEUwiJEPo6dSYxp6F7hoxjPMxXvwVLx5c8ODFb7GzHDT6oOHVe1VU1/NiKTTa9qeVm5icmp6ZncvPLywuLRdWVus6ShSHGo9kpK48pkGKEGooUMJVrIAFnoSGd3Pa9xu3oLSIwkvsxeAG7DoUvuAMjdQuHLYQ7jDVPFKQldJhdb5D61l2PyxM5w7VDLMtekQrdJs6tm2YY1fahaJdtgegf4kzIkUyQrVdeGt1Ip4EECKXTOumY8fopkyh4BKyfCvREDN+w66haWjIAtBuOjgyo5tG6VA/UuaFSAfqz4mUBVr3As90Bgy7etzri/95zQT9AzcVYZwghHy4yE8kxYj2E6MdoYCj7BnCuBLmr5R3mWIcTa55E4IzfvJfUt8tO5Xy7sVe8fhkFMcsWScbpEQcsk+OyRmpkhrh5IE8kRfyaj1az9a79TFszVmjmTXyC9bXN3CToqI=</latexit>

Reversed!

Note: Why add instead of multiply here?

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

Label bias

• Because transitions are locally normalized, MEMMs prefer 
low entropy states  

• Difficult to “recover” from mistakes

https://awni.github.io/label-bias/


s(x, y) =
X

i

s(yi, xi, yi�1)
<latexit sha1_base64="NTiu2QC7zQWcXiqF/ZOg/1cknFU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRaqCWpgm6EohuXFewD2hAm02k7dCYJMxNpCP0CN/6KGxeKuHXtzr9x0mahrQfu5XDOvczc44WMSmVZ38bK6tr6xmZuK7+9s7u3bx4ctmQQCUyaOGCB6HhIEkZ90lRUMdIJBUHcY6TtjW9Sv/1AhKSBf6/ikDgcDX06oBgpLblmUZYmFRiX4RXsyYi7FMpS7NIKnKQtdhN6ak/LrlmwqtYMcJnYGSmADA3X/Or1Axxx4ivMkJRd2wqVkyChKGZkmu9FkoQIj9GQdDX1ESfSSWbnTGFRK304CIQuX8GZ+nsjQVzKmHt6kiM1koteKv7ndSM1uHQS6oeRIj6ePzSIGFQBTLOBfSoIVizWBGFB9V8hHiGBsNIJ5nUI9uLJy6RVq9pn1drdeaF+ncWRA8fgBJSADS5AHdyCBmgCDB7BM3gFb8aT8WK8Gx/z0RUj2zkCf2B8/gAs6pms</latexit>

Global scores



s(x, y) =
X

i

s(yi, xi, yi�1)
<latexit sha1_base64="NTiu2QC7zQWcXiqF/ZOg/1cknFU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRaqCWpgm6EohuXFewD2hAm02k7dCYJMxNpCP0CN/6KGxeKuHXtzr9x0mahrQfu5XDOvczc44WMSmVZ38bK6tr6xmZuK7+9s7u3bx4ctmQQCUyaOGCB6HhIEkZ90lRUMdIJBUHcY6TtjW9Sv/1AhKSBf6/ikDgcDX06oBgpLblmUZYmFRiX4RXsyYi7FMpS7NIKnKQtdhN6ak/LrlmwqtYMcJnYGSmADA3X/Or1Axxx4ivMkJRd2wqVkyChKGZkmu9FkoQIj9GQdDX1ESfSSWbnTGFRK304CIQuX8GZ+nsjQVzKmHt6kiM1koteKv7ndSM1uHQS6oeRIj6ePzSIGFQBTLOBfSoIVizWBGFB9V8hHiGBsNIJ5nUI9uLJy6RVq9pn1drdeaF+ncWRA8fgBJSADS5AHdyCBmgCDB7BM3gFb8aT8WK8Gx/z0RUj2zkCf2B8/gAs6pms</latexit>

Global scores

Why can’t we just maximize this, period? 



s(x, y) =
X

i

s(yi, xi, yi�1)
<latexit sha1_base64="NTiu2QC7zQWcXiqF/ZOg/1cknFU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRaqCWpgm6EohuXFewD2hAm02k7dCYJMxNpCP0CN/6KGxeKuHXtzr9x0mahrQfu5XDOvczc44WMSmVZ38bK6tr6xmZuK7+9s7u3bx4ctmQQCUyaOGCB6HhIEkZ90lRUMdIJBUHcY6TtjW9Sv/1AhKSBf6/ikDgcDX06oBgpLblmUZYmFRiX4RXsyYi7FMpS7NIKnKQtdhN6ak/LrlmwqtYMcJnYGSmADA3X/Or1Axxx4ivMkJRd2wqVkyChKGZkmu9FkoQIj9GQdDX1ESfSSWbnTGFRK304CIQuX8GZ+nsjQVzKmHt6kiM1koteKv7ndSM1uHQS6oeRIj6ePzSIGFQBTLOBfSoIVizWBGFB9V8hHiGBsNIJ5nUI9uLJy6RVq9pn1drdeaF+ncWRA8fgBJSADS5AHdyCBmgCDB7BM3gFb8aT8WK8Gx/z0RUj2zkCf2B8/gAs6pms</latexit>

Global scores

Why can’t we just maximize this, period? 
No competition between different labels!



Global normalization

p(y|x) =
exp{

P
i s(yi, xi, yi�1)}P

y0 exp{
P

i s(y
0
i, xi, y0i�1)}

<latexit sha1_base64="VG/ttL6ULrk9Ed2v+W0vzBAdqIc="></latexit>



Global normalization

p(y|x) =
exp{

P
i s(yi, xi, yi�1)}P

y0 exp{
P

i s(y
0
i, xi, y0i�1)}

<latexit sha1_base64="VG/ttL6ULrk9Ed2v+W0vzBAdqIc="></latexit>

This is a linear-chain Conditional Random Field (CRF)



p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

MEMMs locally normalize, chain together transition probabilities: 

MEMMs vs CRFs

=
mY

i

p(yi|yi�1, x1, ...xm)
<latexit sha1_base64="NztfWNFsRwx0t+HV7rgPZsizE+U=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCzUkVdCNUHTjsoK9QBvDZDJth84kYWYihthncOOruHGhiFtX7nwbp5eFtv4w8PGfczhzfj9mVCrb/jYWFpeWV1Zza/n1jc2tbXNntyGjRGBSxxGLRMtHkjAakrqiipFWLAjiPiNNf3A5qjfviJA0Cm9UGhOXo15IuxQjpS3PLJ3DTiyiwKO3HMbF1KMPqZfRI2dYhveeU4aWZWngJeiZBduyx4Lz4EyhAKaqeeZXJ4hwwkmoMENSth07Vm6GhKKYkWG+k0gSIzxAPdLWGCJOpJuNTxrCQ+0EsBsJ/UIFx+7viQxxKVPu606OVF/O1kbmf7V2orpnbkbDOFEkxJNF3YRBFcFRPjCggmDFUg0IC6r/CnEfCYSVTjGvQ3BmT56HRsVyjq3K9UmhejGNIwf2wQEoAgecgiq4AjVQBxg8gmfwCt6MJ+PFeDc+Jq0LxnRmD/yR8fkDGFSbLQ==</latexit>

p(y|x) =
<latexit sha1_base64="xBuP5C34Eg6p5fs4XVAek6u82uE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkrSCnoRil48VrAf0Iay2W7apZtN3N2IIfZPePGgiFf/jjf/jds2B219MPB4b4aZeV7EmdK2/W3lVlbX1jfym4Wt7Z3dveL+QUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vh66rcfqFQsFHc6iagb4KFgPiNYG6kTlZOnx1N02S+W7Io9A1omTkZKkKHRL371BiGJAyo04ViprmNH2k2x1IxwOin0YkUjTMZ4SLuGChxQ5aazeyfoxCgD5IfSlNBopv6eSHGgVBJ4pjPAeqQWvan4n9eNtX/hpkxEsaaCzBf5MUc6RNPn0YBJSjRPDMFEMnMrIiMsMdEmooIJwVl8eZm0qhWnVqnenpXqV1kceTiCYyiDA+dQhxtoQBMIcHiGV3iz7q0X6936mLfmrGzmEP7A+vwBGSuPWQ==</latexit>



p(y|yi�1, x1, ..., xm, w) =
exp(w · �(x1, ..., xm, yi�1, yi))P

y02Y exp(w · �(x1, ..., xm, yi�1, y0))
<latexit sha1_base64="lByY6hsewcjnF4/QMN2j0Hndpck="></latexit>

p(y|x) =
exp{

P
i s(yi, xi, yi�1)}P

y0 exp{
P

i s(y
0
i, xi, y0i�1)}

<latexit sha1_base64="VG/ttL6ULrk9Ed2v+W0vzBAdqIc="></latexit>

MEMMs locally normalize, chain together transition probabilities: 

MEMMs vs CRFs

=
mY

i

p(yi|yi�1, x1, ...xm)
<latexit sha1_base64="NztfWNFsRwx0t+HV7rgPZsizE+U=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCCzUkVdCNUHTjsoK9QBvDZDJth84kYWYihthncOOruHGhiFtX7nwbp5eFtv4w8PGfczhzfj9mVCrb/jYWFpeWV1Zza/n1jc2tbXNntyGjRGBSxxGLRMtHkjAakrqiipFWLAjiPiNNf3A5qjfviJA0Cm9UGhOXo15IuxQjpS3PLJ3DTiyiwKO3HMbF1KMPqZfRI2dYhveeU4aWZWngJeiZBduyx4Lz4EyhAKaqeeZXJ4hwwkmoMENSth07Vm6GhKKYkWG+k0gSIzxAPdLWGCJOpJuNTxrCQ+0EsBsJ/UIFx+7viQxxKVPu606OVF/O1kbmf7V2orpnbkbDOFEkxJNF3YRBFcFRPjCggmDFUg0IC6r/CnEfCYSVTjGvQ3BmT56HRsVyjq3K9UmhejGNIwf2wQEoAgecgiq4AjVQBxg8gmfwCt6MJ+PFeDc+Jq0LxnRmD/yR8fkDGFSbLQ==</latexit>

CRFs globally normalize

p(y|x) =
<latexit sha1_base64="xBuP5C34Eg6p5fs4XVAek6u82uE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkrSCnoRil48VrAf0Iay2W7apZtN3N2IIfZPePGgiFf/jjf/jds2B219MPB4b4aZeV7EmdK2/W3lVlbX1jfym4Wt7Z3dveL+QUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vh66rcfqFQsFHc6iagb4KFgPiNYG6kTlZOnx1N02S+W7Io9A1omTkZKkKHRL371BiGJAyo04ViprmNH2k2x1IxwOin0YkUjTMZ4SLuGChxQ5aazeyfoxCgD5IfSlNBopv6eSHGgVBJ4pjPAeqQWvan4n9eNtX/hpkxEsaaCzBf5MUc6RNPn0YBJSjRPDMFEMnMrIiMsMdEmooIJwVl8eZm0qhWnVqnenpXqV1kceTiCYyiDA+dQhxtoQBMIcHiGV3iz7q0X6936mLfmrGzmEP7A+vwBGSuPWQ==</latexit>



Example from Awni Hannun, https://awni.github.io/label-bias/

p(y|x) =
exp{

P
i s(yi, xi, yi�1)}P

y0 exp{
P

i s(y
0
i, xi, y0i�1)}

<latexit sha1_base64="VG/ttL6ULrk9Ed2v+W0vzBAdqIc="></latexit>

Y
<latexit sha1_base64="5liJAzaocy9CDCGFglLpK9GdXNs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9iHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgTInIHmeDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ1G3buoN+4va82boo4yOkGn6Bx56Ao10R1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPlhSRcw==</latexit>

V              [cat, sat, the]

x = cat sat

A, N A, V N, V

For simplicity assume no self-loops

N, A
Z(x) = exp(5 + 21) + exp(5 + 20) + exp(3 + 100) + exp(3, 0) =

<latexit sha1_base64="10+bZ7LNe9gyob/7oSlUlhX7stw="></latexit>

https://awni.github.io/label-bias/


Example from Awni Hannun, https://awni.github.io/label-bias/

p(y|x) =
exp{

P
i s(yi, xi, yi�1)}P

y0 exp{
P

i s(y
0
i, xi, y0i�1)}

<latexit sha1_base64="VG/ttL6ULrk9Ed2v+W0vzBAdqIc="></latexit>

Y
<latexit sha1_base64="5liJAzaocy9CDCGFglLpK9GdXNs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9iHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgTInIHmeDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ1G3buoN+4va82boo4yOkGn6Bx56Ao10R1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPlhSRcw==</latexit>

V              [cat, sat, the]

x = cat sat

A, N A, V N, V

For simplicity assume no self-loops

N, A
Z(x) = exp(5 + 21) + exp(5 + 20) + exp(3 + 100) + exp(3, 0) =

<latexit sha1_base64="10+bZ7LNe9gyob/7oSlUlhX7stw="></latexit>

p(N,V ) ⇠ 1
<latexit sha1_base64="BvjU8nSDQup7L641dnjNJmeku0w=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvXiSCvYD2qVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6387K6tr6xmZuK7+9s7u3Xzg4bOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDG+nfnNElWaRfDTjmPoC9yULGcHGSn5cuj9vnKGOZgJ53ULRLbszoGXiZaQIGWrdwlenF5FEUGkIx1q3PTc2foqVYYTTSb6TaBpjMsR92rZUYkG1n86OnqBTq/RQGClb0qCZ+nsixULrsQhsp8BmoBe9qfif105MeO2nTMaJoZLMF4UJRyZC0wRQjylKDB9bgoli9lZEBlhhYmxOeRuCt/jyMmlUyt5FufJwWazeZHHk4BhOoAQeXEEV7qAGdSDwBM/wCm/OyHlx3p2PeeuKk80cwR84nz+MTJCn</latexit>

https://awni.github.io/label-bias/


A, N A, V N, V N, A
Z(x) = exp(5 + 21) + exp(5 + 20) + exp(3 + 100) + exp(3, 0) =

<latexit sha1_base64="10+bZ7LNe9gyob/7oSlUlhX7stw="></latexit>

p(N,V ) ⇠ 1
<latexit sha1_base64="BvjU8nSDQup7L641dnjNJmeku0w=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvXiSCvYD2qVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6387K6tr6xmZuK7+9s7u3Xzg4bOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDG+nfnNElWaRfDTjmPoC9yULGcHGSn5cuj9vnKGOZgJ53ULRLbszoGXiZaQIGWrdwlenF5FEUGkIx1q3PTc2foqVYYTTSb6TaBpjMsR92rZUYkG1n86OnqBTq/RQGClb0qCZ+nsixULrsQhsp8BmoBe9qfif105MeO2nTMaJoZLMF4UJRyZC0wRQjylKDB9bgoli9lZEBlhhYmxOeRuCt/jyMmlUyt5FufJwWazeZHHk4BhOoAQeXEEV7qAGdSDwBM/wCm/OyHlx3p2PeeuKk80cwR84nz+MTJCn</latexit>

Regularization

• This suggests maybe not great calibration — scores too large? 
exp(103) is really big! 

• Important to regularize parameters



A, N A, V N, V N, A
Z(x) = exp(5 + 21) + exp(5 + 20) + exp(3 + 100) + exp(3, 0) =

<latexit sha1_base64="10+bZ7LNe9gyob/7oSlUlhX7stw="></latexit>

p(N,V ) ⇠ 1
<latexit sha1_base64="BvjU8nSDQup7L641dnjNJmeku0w=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvXiSCvYD2qVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6387K6tr6xmZuK7+9s7u3Xzg4bOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDG+nfnNElWaRfDTjmPoC9yULGcHGSn5cuj9vnKGOZgJ53ULRLbszoGXiZaQIGWrdwlenF5FEUGkIx1q3PTc2foqVYYTTSb6TaBpjMsR92rZUYkG1n86OnqBTq/RQGClb0qCZ+nsixULrsQhsp8BmoBe9qfif105MeO2nTMaJoZLMF4UJRyZC0wRQjylKDB9bgoli9lZEBlhhYmxOeRuCt/jyMmlUyt5FufJwWazeZHHk4BhOoAQeXEEV7qAGdSDwBM/wCm/OyHlx3p2PeeuKk80cwR84nz+MTJCn</latexit>

Prediction

• Do we actually need to compute Z if we just want to make a 
prediction? 



A, N A, V N, V N, A
Z(x) = exp(5 + 21) + exp(5 + 20) + exp(3 + 100) + exp(3, 0) =

<latexit sha1_base64="10+bZ7LNe9gyob/7oSlUlhX7stw="></latexit>

p(N,V ) ⇠ 1
<latexit sha1_base64="BvjU8nSDQup7L641dnjNJmeku0w=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvXiSCvYD2qVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6387K6tr6xmZuK7+9s7u3Xzg4bOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDG+nfnNElWaRfDTjmPoC9yULGcHGSn5cuj9vnKGOZgJ53ULRLbszoGXiZaQIGWrdwlenF5FEUGkIx1q3PTc2foqVYYTTSb6TaBpjMsR92rZUYkG1n86OnqBTq/RQGClb0qCZ+nsixULrsQhsp8BmoBe9qfif105MeO2nTMaJoZLMF4UJRyZC0wRQjylKDB9bgoli9lZEBlhhYmxOeRuCt/jyMmlUyt5FufJwWazeZHHk4BhOoAQeXEEV7qAGdSDwBM/wCm/OyHlx3p2PeeuKk80cwR84nz+MTJCn</latexit>

Prediction

• Do we actually need to compute Z if we just want to make a 
prediction? 

• No; we just need argmax over y’. How can we compute 
efficiently? 



A, N A, V N, V N, A
Z(x) = exp(5 + 21) + exp(5 + 20) + exp(3 + 100) + exp(3, 0) =

<latexit sha1_base64="10+bZ7LNe9gyob/7oSlUlhX7stw="></latexit>

p(N,V ) ⇠ 1
<latexit sha1_base64="BvjU8nSDQup7L641dnjNJmeku0w=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvXiSCvYD2qVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6387K6tr6xmZuK7+9s7u3Xzg4bOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDG+nfnNElWaRfDTjmPoC9yULGcHGSn5cuj9vnKGOZgJ53ULRLbszoGXiZaQIGWrdwlenF5FEUGkIx1q3PTc2foqVYYTTSb6TaBpjMsR92rZUYkG1n86OnqBTq/RQGClb0qCZ+nsixULrsQhsp8BmoBe9qfif105MeO2nTMaJoZLMF4UJRyZC0wRQjylKDB9bgoli9lZEBlhhYmxOeRuCt/jyMmlUyt5FufJwWazeZHHk4BhOoAQeXEEV7qAGdSDwBM/wCm/OyHlx3p2PeeuKk80cwR84nz+MTJCn</latexit>

Prediction

• Do we actually need to compute Z if we just want to make a 
prediction? 

• No; we just need argmax over y’. How can we compute 
efficiently? Dynamic programming (from last time) 



Parameter estimation for 
Linear-Chain CRFs

(board)



Example: OCR
https://pystruct.github.io/auto_examples/plot_letters.html

(Notebook)

https://pystruct.github.io/auto_examples/plot_letters.html


Beyond linear-chains
16 Modeling

Logistic Regression

HMMs

Linear-chain CRFs

Naive Bayes
SEQUENCE

SEQUENCE

CONDITIONAL CONDITIONAL

Generative directed models

General CRFs

CONDITIONAL

General
GRAPHS

General
GRAPHS

Fig. 2.3 Diagram of the relationship between naive Bayes, logistic regression, HMMs, linear-
chain CRFs, generative models, and general CRFs.

One perspective for gaining insight into the di↵erence between gen-
erative and discriminative modeling is due to Minka [80]. Suppose we
have a generative model pg with parameters ✓. By definition, this takes
the form

pg(y,x; ✓) = pg(y; ✓)pg(x|y; ✓). (2.10)

But we could also rewrite pg using Bayes rule as

pg(y,x; ✓) = pg(x; ✓)pg(y|x; ✓), (2.11)

where pg(x; ✓) and pg(y|x; ✓) are computed by inference, i.e., pg(x; ✓) =P
y pg(y,x; ✓) and pg(y|x; ✓) = pg(y,x; ✓)/pg(x; ✓).
Now, compare this generative model to a discriminative model over

the same family of joint distributions. To do this, we define a prior
p(x) over inputs, such that p(x) could have arisen from pg with some
parameter setting. That is, p(x) = pc(x; ✓0) =

P
y pg(y,x|✓

0). We com-
bine this with a conditional distribution pc(y|x; ✓) that could also have
arisen from pg, that is, pc(y|x; ✓) = pg(y,x; ✓)/pg(x; ✓). Then the re-
sulting distribution is

pc(y,x) = pc(x; ✓0)pc(y|x; ✓). (2.12)

By comparing (2.11) with (2.12), it can be seen that the conditional
approach has more freedom to fit the data, because it does not require

Figure from Sutton and McCallum, 2011
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Figure from Hugo Larochelle, http://info.usherbrooke.ca/hlarochelle/neural_networks/content.html
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GENERAL CRF
Topics: CRFs in general
• We don’t have to restrict the CRF structure to linear chains

• We could also have n-ary factors, with n>2

Grid structure
(pixels in image)

General pair-wise structure
(webpages sharing a link)
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Training general CRFs

Figure from Hugo Larochelle, http://info.usherbrooke.ca/hlarochelle/neural_networks/content.html

GENERAL CRF
3

Topics: CRFs in general
• Gradients in general CRFs always take the form:

• The expectation over y will often need to be approximated, 
using loopy belief propagation
‣ it will often involve only a few of the yk variables

•
µf!s(i) =

X

z2Dom(f)
s.t. zs=i

�f (z)
Y

s02Ne(f)\s

µs0!f (zs0)

•
µf!s(i) =

X

z is unobs.
and zs=i

�f (z)
Y

s02Ne(f)\s

µs0!f (zs0)

•
µs!f (i) =

Y

f 02Ne(s)\f

µf 0!s(i)

• y1 y2 y3 x1 x2

• 1 exp(au(y1)) exp(au(y1))
P

y1
exp(au(y1) + ap(y1, y2)) ( = ↵1(y2) )

• 1 exp(au(y2)) exp(au(y2))↵1(y2)
P

y2
exp(au(y2) + ap(y2, y3))↵1(y2) ( = ↵2(y3) )

• ↵k(yk+1) �k(yk�1)

• @�log p(y(t)|X(t))
@✓ = �

⇣P
f

@
@✓ log f (y(t),X(t))� Ey

hP
f

@
@✓ log f (y,X(t))

��X(t)
i⌘

3

•
µf!s(i) =

X

z2Dom(f)
s.t. zs=i

�f (z)
Y

s02Ne(f)\s

µs0!f (zs0)

•
µf!s(i) =

X

z is unobs.
and zs=i

�f (z)
Y

s02Ne(f)\s

µs0!f (zs0)

•
µs!f (i) =

Y

f 02Ne(s)\f

µf 0!s(i)

• y1 y2 y3 x1 x2

• 1 exp(au(y1)) exp(au(y1))
P

y1
exp(au(y1) + ap(y1, y2)) ( = ↵1(y2) )

• 1 exp(au(y2)) exp(au(y2))↵1(y2)
P

y2
exp(au(y2) + ap(y2, y3))↵1(y2) ( = ↵2(y3) )

• ↵k(yk+1) �k(yk�1)

• @�log p(y(t)|X(t))
@✓ = �

⇣P
f

@
@✓ log f (y(t),X(t))� Ey

hP
f

@
@✓ log f (y,X(t))

��X(t)
i⌘

3

•X�1 X=I •(X> ) i,j=X j,i •det(X)=Q iX i,i •det(X> )=det(X) •det(X�1 )=det(X)� 1

•det(X(1) X(2) )=det(X(1) )det(X(2) )

•X> =X�1 •v> Xv>0 •� •{x(t) } •9w,t⇤ x(t⇤ ) =P t6=t⇤w tx(t)

•R(X)={x2Rh |9wx=P jw jX ·,j}

•{x2Rh |x/2R(X)} •{� i,u i|Xu i=� iu ietu> iu j=1 i=j}

•X=P i� iu iu> i •det(X)=Q i� i •� i>0 •
@ @xf(x,y)=lim �!0f(x+�,y)�f(x,y

) �

•
@ @yf(x,y)=lim �!0f(x,y+�)�f(x,y

) �

Machinel
earning

•Supervisedlearnin
gexample:(x,y)

•Trainingset:Dtrain ={(x t,y t}

•

2 •X �1X=I•(X >)i,j =Xj,i•det(X)= Qi Xi,i

•det(X >)=det(X)•det(X �1)=det(X) �1

•det(X (1)X (2))=det(X (1))det(X (2))

•X >=X �1•v >Xv>0•�•{x (t)}•9w,t ⇤x (t ⇤)= Pt6=t ⇤ wt x (t)

•R(X)={x2R h|9wx= Pj wj X·,j }

•{x2R h|x/2R(X)}•{�i ,ui |Xui =�i ui etu >i uj =1i=j }

•X= Pi �i ui u >i

•det(X)= Qi �i

•�i >0•@@x f(x,y)=lim�!0 f(x+�,y)�f(x,y)�

•@@y f(x,y)=lim�!0 f(x,y+�)�f(x,y)�Machinelearning

•Supervisedlearningexample:(x,y)

•Trainingset:D train={(xt ,yt }

•

2

make y(t) more likely

make everything less likely

Looks similar to what we had for linear-chain, but can no longer 
use dynamic programming to efficiently take expectation over y

* Here we denote parameters    instead of w✓
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Summary: Structured prediction

• When labels y are correlated (and where for a given 
instance x and y are both tensors) structured prediction 
models attempt to exploit this

• Hidden Markov Models (HMMs) are a generative 
approach that model P(x, y)

• Structured perceptrons, MEMMs, and CRFs are 
conditional models model p(y|x)

• For all we use dynamic programming (Viterbi) for efficient 
argmaxing, and variants of this to efficiently compute 
normalization constants, etc.


