
Machine Learning 2
DS 4420 - Spring 2020

Dimensionality reduction 2
Byron C Wallace



Today

• A bit of wrap up on PCA 

• Then: Non-linear dimensionality reduction! (SNE/t-SNE)
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Dimensionality reduction setup

Given n data points in d dimensions: x1, . . . ,xn 2 Rd

X = ( x1 · · · · · · xn ) 2 Rd⇥n

Want to reduce dimensionality from d to k

Choose k directions u1, . . . ,uk

U = ( u1 ·· uk ) 2 Rd⇥k

For each uj, compute “similarity” zj = u>j x

Project x down to z = (z1, . . . , zk)> = U>x
How to choose U?

Principal component analysis (PCA) / Basic principles 8

Eigenvectors of Covariance

Idea: Take top-k eigenvectors to maximize variance

In Sum: Principal Component Analysis



Why?

Idea: Take top-k eigenvectors to maximize variance

Last time, we saw that we can derive this by maximizing 
the variance in the compressed space



Why?

Idea: Take top-k eigenvectors to maximize variance

Last time, we saw that we can derive this by maximizing 
the variance in the compressed space 

Can also motivate by explicitly minimizing reconstruction 
error



Minimizing reconstruction error



Getting the eigenvalues, two ways

10.4 Eigenvector Computation and Low-Rank Approximations 333

cluster. Four embeddings of the digits “0” and “1” in the principal subspace
are highlighted in red with their corresponding original digit. The figure
reveals that the variation within the set of “0” is significantly greater than
the variation within the set of “1”.

10.4 Eigenvector Computation and Low-Rank Approximations

In the previous sections, we obtained the basis of the principal subspace
as the eigenvectors that are associated with the largest eigenvalues of the
data covariance matrix
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N
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>
, (10.45)

X = [x1, . . . ,xN ] 2 RD⇥N
. (10.46)

Note that X is a D ⇥ N matrix, i.e., it is the transpose of the “typical”
data matrix (Bishop, 2006; Murphy, 2012). To get the eigenvalues (and
the corresponding eigenvectors) of S, we can follow two approaches: Use

eigendecomposition
or SVD to compute
eigenvectors.

We perform an eigendecomposition (see Section 4.2) and compute the
eigenvalues and eigenvectors of S directly.
We use a singular value decomposition (see Section 4.5). Since S is
symmetric and factorizes into XX

> (ignoring the factor 1
N

), the eigen-
values of S are the squared singular values of X.

More specifically, the SVD of X is given by

X|{z}
D⇥N

= U|{z}
D⇥D

⌃|{z}
D⇥N

V
>

|{z}
N⇥N

, (10.47)

where U 2 RD⇥D and V
>

2 RN⇥N are orthogonal matrices and ⌃ 2

RD⇥N is a matrix whose only nonzero entries are the singular values �ii >
0. It then follows that
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With the results from Section 4.5, we get that the columns of U are the The columns of U
are the eigenvectors
of S.

eigenvectors of XX
> (and therefore S). Furthermore, the eigenvalues

�d of S are related to the singular values of X via

�d =
�
2
d

N
. (10.49)

This relationship between the eigenvalues of S and the singular values
of X provides the connection between the maximum variance view (Sec-
tion 10.2) and the singular value decomposition.

c�2020 M. P. Deisenroth, A. A. Faisal, C. S. Ong. To be published by Cambridge University Press.

• Direct eigenvalue decomposition of the covariance matrix
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c�2020 M. P. Deisenroth, A. A. Faisal, C. S. Ong. To be published by Cambridge University Press.

• Singular Value Decomposition (SVD)



Singular Value Decomposition

Idea: Decompose the  
d x n matrix X into 
1. A n x n basis V 

(unitary matrix) 
2. A d x n matrix Σ 

(diagonal projection) 
3. A d x d basis U  

(unitary matrix)

Computing PCA
Method 1: eigendecomposition

U are eigenvectors of covariance matrix C = 1
nXX>

Computing C already takes O(nd
2) time (very expensive)

Method 2: singular value decomposition (SVD)

Find X = Ud⇥d⌃d⇥nV>
n⇥n

where U>U = Id⇥d, V>V = In⇥n, ⌃ is diagonal
Computing top k singular vectors takes only O(ndk)

Relationship between eigendecomposition and SVD:

Left singular vectors are principal components (C = U⌃2U>)

Principal component analysis (PCA) / Basic principles 16



Linear maps

The SVD decomposes the action of a matrix A 2 Rm⇥n on a vector
~x 2 Rn into:

1. Rotation

V T~x =
nX

i=1

h~vi , ~xi ~ei

2. Scaling

SV T~x =
nX

i=1

si h~vi , ~xi ~ei

3. Rotation

USV T~x =
nX

i=1

si h~vi , ~xi ~ui



SVD for PCA
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SVD for PCA
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It turns out the columns of U are the eigenvectors of XXT



Computing PCA
Computing PCA

Method 1: eigendecomposition

U are eigenvectors of covariance matrix C = 1
nXX>

Computing C already takes O(nd
2) time (very expensive)

Method 2: singular value decomposition (SVD)

Find X = Ud⇥d⌃d⇥nV>
n⇥n

where U>U = Id⇥d, V>V = In⇥n, ⌃ is diagonal
Computing top k singular vectors takes only O(ndk)

Relationship between eigendecomposition and SVD:

Left singular vectors are principal components (C = U⌃2U>)

Principal component analysis (PCA) / Basic principles 16
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Eigen-faces [Turk and Pentland, 1991]

• d = number of pixels

• Each xi 2 Rd is a face image

• xji = intensity of the j-th pixel in image i

Xd⇥n u Ud⇥k Zk⇥n

( . . . ) u ( ) ( z1 . . . zn )
Idea: zi more “meaningful” representation of i-th face than xi

Can use zi for nearest-neighbor classification

Much faster: O(dk + nk) time instead of O(dn) when n, d� k

Why no time savings for linear classifier?

Principal component analysis (PCA) / Case studies 18

Eigen-faces [Turk & Pentland 1991]
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Aside: How many components?How many principal components?
• Similar to question of “How many clusters?”

• Magnitude of eigenvalues indicate fraction of variance captured.

• Eigenvalues on a face image dataset:

2 3 4 5 6 7 8 9 10 11

i

287.1

553.6

820.1

1086.7

1353.2

�i

• Eigenvalues typically drop o↵ sharply, so don’t need that many.

• Of course variance isn’t everything...

Principal component analysis (PCA) / Basic principles 15



Wrapping up PCA

• PCA is a linear model for dimensionality reduction which 
finds a mapping to a lower dimensional space that 
maximizes variance 

• We saw that this is equivalent to performing an 
eigendecomposition on the covariance matrix of X

• Next time Auto-encoders and neural compression for 
non-linear projections
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Non-linear dimensionality reduction



Limitations of Linearity

Limitations of linearity

PCA is e↵ective PCA is ine↵ective

Problem is that PCA subspace is linear:

S = {x = Uz : z 2 Rk}

In this example:

S = {(x1, x2) : x2 = u2
u1

x1}

Principal component analysis (PCA) / Kernel PCA 25



Nonlinear PCA

Going beyond linearity: quick solution

Broken solution Desired solution

We want desired solution: S = {(x1, x2) : x2 = u2
u1

x2
1}

We can get this: S = {�(x) = Uz} with �(x) = (x2
1, x2)>

Linear dimensionality reduction in �(x) space

,

Nonlinear dimensionality reduction in x space

In general, can set �(x) = (x1, x2
1, x1x2, sin(x1), . . . )>

Problems: (1) ad-hoc and tedious
(2) �(x) large, computationally expensive

Principal component analysis (PCA) / Kernel PCA 26
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Idea: Use kernels



Kernel PCA



Alternatively: t-SNE!



Stochastic Neighbor  
Embeddings

Borrowing from: 
Laurens van der Maaten 
(Delft -> Facebook AI)



Manifold learning

Idea: Perform a non-linear dimensionality reduction  
in a manner that preserves proximity (but not distances)



Manifold learning



PCA on MNIST digits
Introduction

Principal Components Analysis

Laurens van der Maaten and Geo↵rey Hinton, JMLR 2008 (MCLab)t-SNE October 30, 2014 4 / 33



t-SNE on MNIST Digits



Swiss roll

Introduction

Swiss Roll

PCA is mainly concerned dimensionality, with preserving when large
pairwise distances in the map

Laurens van der Maaten and Geo↵rey Hinton, JMLR 2008 (MCLab)t-SNE October 30, 2014 6 / 33Euclidean distance is not always  
a good notion of proximity 



Non-linear projection

t-Distributed Stochastic Neighbor Embedding

Introduction

Laurens van der Maaten and Geo↵rey Hinton, JMLR 2008 (MCLab)t-SNE October 30, 2014 8 / 33

Bad projection: relative position to neighbors changes



Non-linear projection

t-Distributed Stochastic Neighbor Embedding

Introduction

Laurens van der Maaten and Geo↵rey Hinton, JMLR 2008 (MCLab)t-SNE October 30, 2014 8 / 33

Intuition: Want to preserve local neighborhood

t-Distributed Stochastic Neighbor Embedding

Introduction

Preserve the neighborhood

Laurens van der Maaten and Geo↵rey Hinton, JMLR 2008 (MCLab)t-SNE October 30, 2014 9 / 33



t-Distributed Stochastic Neighbor Embedding

Introduction

Measure pairwise similarities between high-dimensional and
low-dimensonal objects

pj |i =
exp(�||xi � xj ||2/2�2

i
)P

k 6=i
exp(�||xi � xk ||2/2�2

i
)

Laurens van der Maaten and Geo↵rey Hinton, JMLR 2008 (MCLab)t-SNE October 30, 2014 10 / 33

Stochastic Neighbor Embedding

Original space The map



SNE to t-SNE 
(on board)



t-SNE: SNE with a t-Distribution

t-Distributed Stochastic Neighbor Embedding

t-Distribution

Use heavier tail distribution than Gaussian in low-dim space, we choose

qij / (1 + ||yi � yj ||2)�1

Then the gradient could be

@C

@yi
= 4

X

j 6=i

(pij � qij)(1 + ||yi � yj ||2)�1(yi � yj)

Laurens van der Maaten and Geo↵rey Hinton, JMLR 2008 (MCLab)t-SNE October 30, 2014 15 / 33
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VISUALIZING DATA USING T-SNE

Algorithm 1: Simple version of t-Distributed Stochastic Neighbor Embedding.
Data: data set X = {x1,x2, ...,xn},
cost function parameters: perplexity Perp,
optimization parameters: number of iterations T , learning rate η, momentum α(t).
Result: low-dimensional data representation Y (T ) = {y1,y2, ...,yn}.
begin

compute pairwise affinities p j|i with perplexity Perp (using Equation 1)
set pi j =

p j|i+pi| j
2n

sample initial solution Y (0) = {y1,y2, ...,yn} from N (0,10−4I)
for t=1 to T do

compute low-dimensional affinities qi j (using Equation 4)
compute gradient δC

δY (using Equation 5)
set Y (t) = Y (t−1) +η δC

δY +α(t)
(
Y (t−1)−Y (t−2))

end
end

is proportional to their pairwise distance in the low-dimensional map, which may cause dissimilar
datapoints to move much too far away from each other.

Taken together, t-SNE puts emphasis on (1) modeling dissimilar datapoints by means of large
pairwise distances, and (2) modeling similar datapoints by means of small pairwise distances. More-
over, as a result of these characteristics of the t-SNE cost function (and as a result of the approximate
scale invariance of the Student t-distribution), the optimization of the t-SNE cost function is much
easier than the optimization of the cost functions of SNE and UNI-SNE. Specifically, t-SNE in-
troduces long-range forces in the low-dimensional map that can pull back together two (clusters
of) similar points that get separated early on in the optimization. SNE and UNI-SNE do not have
such long-range forces, as a result of which SNE and UNI-SNE need to use simulated annealing to
obtain reasonable solutions. Instead, the long-range forces in t-SNE facilitate the identification of
good local optima without resorting to simulated annealing.

3.4 Optimization Methods for t-SNE

We start by presenting a relatively simple, gradient descent procedure for optimizing the t-SNE cost
function. This simple procedure uses a momentum term to reduce the number of iterations required
and it works best if the momentum term is small until the map points have become moderately well
organized. Pseudocode for this simple algorithm is presented in Algorithm 1. The simple algorithm
can be sped up using the adaptive learning rate scheme that is described by Jacobs (1988), which
gradually increases the learning rate in directions in which the gradient is stable.

Although the simple algorithm produces visualizations that are often much better than those
produced by other non-parametric dimensionality reduction techniques, the results can be improved
further by using either of two tricks. The first trick, which we call “early compression”, is to force
the map points to stay close together at the start of the optimization. When the distances between
map points are small, it is easy for clusters to move through one another so it is much easier to
explore the space of possible global organizations of the data. Early compression is implemented
by adding an additional L2-penalty to the cost function that is proportional to the sum of squared
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(c) Gradient of t-SNE.

Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints

2586

VAN DER MAATEN AND HINTON

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>

 

 

0
2
4
6
8
10
12
14
16
18

(a) Gradient of SNE.

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>
 

 

−4
−2
0
2
4
6
8
10
12
14

(b) Gradient of UNI-SNE.

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>

 

 

−1

−0.5

0

0.5

1

(c) Gradient of t-SNE.

Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.
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Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints

2586

Basically, the gradient has nice properties



What’s magical about t?VAN DER MAATEN AND HINTON

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>

 

 

0
2
4
6
8
10
12
14
16
18

(a) Gradient of SNE.

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>
 

 

−4
−2
0
2
4
6
8
10
12
14

(b) Gradient of UNI-SNE.

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>

 

 

−1

−0.5

0

0.5

1

(c) Gradient of t-SNE.

Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints

2586

VAN DER MAATEN AND HINTON

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>

 

 

0
2
4
6
8
10
12
14
16
18

(a) Gradient of SNE.

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>
 

 

−4
−2
0
2
4
6
8
10
12
14

(b) Gradient of UNI-SNE.

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>

 

 

−1

−0.5

0

0.5

1

(c) Gradient of t-SNE.

Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints
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Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints

2586

VAN DER MAATEN AND HINTON

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>

 

 

0
2
4
6
8
10
12
14
16
18

(a) Gradient of SNE.

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>
 

 

−4
−2
0
2
4
6
8
10
12
14

(b) Gradient of UNI-SNE.

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>

 

 

−1

−0.5

0

0.5

1

(c) Gradient of t-SNE.

Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints

2586

VAN DER MAATEN AND HINTON

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>

 

 

0
2
4
6
8
10
12
14
16
18

(a) Gradient of SNE.

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>
 

 

−4
−2
0
2
4
6
8
10
12
14

(b) Gradient of UNI-SNE.

High−dimensional distance >

Lo
w
−d

im
en

si
on

al
 d

is
ta

nc
e 

>

 

 

−1

−0.5

0

0.5

1
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Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints
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Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints
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Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints
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Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints
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Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints
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Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints
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(c) Gradient of t-SNE.

Figure 1: Gradients of three types of SNE as a function of the pairwise Euclidean distance between
two points in the high-dimensional and the pairwise distance between the points in the
low-dimensional data representation.

selection of the Student t-distribution is that it is closely related to the Gaussian distribution, as the
Student t-distribution is an infinite mixture of Gaussians. A computationally convenient property
is that it is much faster to evaluate the density of a point under a Student t-distribution than under
a Gaussian because it does not involve an exponential, even though the Student t-distribution is
equivalent to an infinite mixture of Gaussians with different variances.

The gradient of the Kullback-Leibler divergence between P and the Student-t based joint prob-
ability distribution Q (computed using Equation 4) is derived in Appendix A, and is given by

δC
δyi

= 4∑
j
(pi j−qi j)(yi− y j)

(
1+∥yi− y j∥2

)−1
. (5)

In Figure 1(a) to 1(c), we show the gradients between two low-dimensional datapoints yi and y j as
a function of their pairwise Euclidean distances in the high-dimensional and the low-dimensional
space (i.e., as a function of ∥xi− x j∥ and ∥yi− y j∥) for the symmetric versions of SNE, UNI-SNE,
and t-SNE. In the figures, positive values of the gradient represent an attraction between the low-
dimensional datapoints yi and y j, whereas negative values represent a repulsion between the two
datapoints. From the figures, we observe two main advantages of the t-SNE gradient over the
gradients of SNE and UNI-SNE.

First, the t-SNE gradient strongly repels dissimilar datapoints that are modeled by a small pair-
wise distance in the low-dimensional representation. SNE has such a repulsion as well, but its effect
is minimal compared to the strong attractions elsewhere in the gradient (the largest attraction in our
graphical representation of the gradient is approximately 19, whereas the largest repulsion is approx-
imately 1). In UNI-SNE, the amount of repulsion between dissimilar datapoints is slightly larger,
however, this repulsion is only strong when the pairwise distance between the points in the low-
dimensional representation is already large (which is often not the case, since the low-dimensional
representation is initialized by sampling from a Gaussian with a very small variance that is centered
around the origin).

Second, although t-SNE introduces strong repulsions between dissimilar datapoints that are
modeled by small pairwise distances, these repulsions do not go to infinity. In this respect, t-SNE
differs from UNI-SNE, in which the strength of the repulsion between very dissimilar datapoints
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Also strongly attracts points nearby in high dim space



Let’s see some code



Another perspective: 
Auto-encoders



Figure credit: https://stackabuse.com/autoencoders-for-image-reconstruction-in-python-and-keras/

https://stackabuse.com/autoencoders-for-image-reconstruction-in-python-and-keras/

