Machine Learning ||

DS 4420 - Spring 2020

MLE, MAP, &

Graphical models
Byron C. Wallace




Probabillity Spaces

Definition: A probabillity space (Q, F, P) consists of
- A sample space Q (i.e. the set of outcomes)
- A set of events F (i.e. the set possible sets)

- A probability measure P (maps events to probabilities)

Axioms of Probability

Pp:F—»R PE)=0VEeF PQ)=1
P(El,Ez):P(El)‘l‘P(Ez) When E1 ﬂEz :w




Conditional Probabilities

e Definition: Joint Probability
/ Outcomes in both A and B

P(A,B) = P(AN B)
X Events (i.e. sets of outcomes)

e Definition: Conditional Probabillity




Propbability Density Functions

 Problem: If X is a continuous variable, then

P(X=x) is O for any outcome x Single Outcome

PX=m)=0
X ~ Normal(0,1)
P(3.1<X<3.2)#0
\ Event

e Solution: Define a density function as a derivative
/ Capital P for probability
. P(x—0<X<x+90)
px(x) = lim 25
\ Small p for density




Objectives in Learning

*’pe(x\y)[f (X: y)]

PN

Model parameters Unknown  Known Quantity
(e.g. neural network weights) Variables Variables of Interest
Setting Self-driving Cars Medical Diagnosis

Po (¥, x) Model for pedestrian behavior  Model for diseases / symptoms

y Pedestrian motion Symptoms / Test results
X Will pedestrian cross road? Condition of patient

f(y,x) Chance of accident Treatment outcome



Maximum Likelihood
Estimation



MLE Framework

Observe some data X = x1,....z, x; € R®

We assume this is a random draw (sample)
from some parameterized distribution Py
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MLE Framework

Observe some data X = zq,....x, x; € R®

We assume this is a random draw (sample)
from some parameterized distribution Py

Goal: find @

In MLE we pick
HMLE — argmaX@P(X\é’)

P(X|0) = HP (2;]0)
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r ~ N(p,0%)

- V2102 xpi-] 207 (&= m)7}

0 = {:ua 0-2}






x ~ N(p,0°%) = ﬂmzexp{ 1
0 = {p,o%}
N
p(D|0) = p(x1,...,an) = | | p(x:]0)

[ et’'s work this out. ..



Discrete/Categorical Distribution
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Discrete/Categorical Distribution

Example: Loaded Dice

po(x=k)=86, xc{1,2,3,4,5,6}
0=1{6,,...,06)

Equivalent Notation: Indicator variables

K
pg(x)zl_lelfk X :=I[x=k]
k=1

'1,0,0,0,0,0]: 1
Question: If you perform 1000 '0,1,0,0,0,0]:2
rolls and get 200 outcomes x=6, ' '
then how would you estimate 07

[0,0,0,0,0,1]: 6




Maximum Likelihood Estimation

Likelihood of N independent events:

N K
poCxr,nxw) =] [polxa)  polx) =] |6
=1 k=1

Maximum likelihood estimation

0* = argmax py(x{,...,XyN)
0

= argmax logpg(xq,...,Xy)
0



Maximum Likelihood Estimation

Likelihood of N independent events:

N K
poCxr,nxw) =] [polxa)  polx) =] |6
=1 k=1

Maximum likelihood estimation

0* = argmax py(x{,...,XyN)
0

= argmax logpg(xq,...,Xy)
f

Problem: Express 6% in terms of {xy, ..., Xn}

hint: solve for Vglogpy(x{,...,x5) =0




Maximum Likelihood Estimation

Likelihood of N independent events:

N K
PoCxr,nxw) =] [polxa)  polx) =] [0
=1 k=1

Maximum likelihood estimation

0* = argmax py(x{,...,XyN)
0

= argmax logpg(xq,...,Xy)
0

K N
= argmaXZ N, log6, N, = Z Xp k
0 k=1 n=1

(known as cross-entropy loss in neural net libraries)



| Ikelihood: Bernoull

(a discrete distribution with outcomes x=0 and x=1)

Bern(z|u)

4

var

mode|z]

,,_LE_

z

r € {0,1}

pr (1 —p) " 6,6;°
U Xy =(1—x;)
p(l — p) 0, =(1—106,)
{ 1 if u > 0.5,

0 otherwise

w € 0, 1]



| Ikelihood: Bernoull

(a discrete distribution with outcomes x=0 and x=1)

Bern(z|p) = p"(1—p)' ™"

Question: What is the likelihood of N trials?
What is ML estimate for y”



| Ikelihood: Bernoull

(a discrete distribution with outcomes x=0 and x=1)

Bern(z|p) = p*(1—p)'"

Question: What is the likelihood of N trials?
What is ML estimate for y”

Let’s work this out in the MLE framework



| Ikelihood: Bernoull

(a discrete distribution with outcomes x=0 and x=1)

Bern(z|p) = p"(1—p)' ™"

Question: What is the likelihood of N trials?
What is ML estimate for y”

N
N, = X,
p(xy, ..o xy | ) = p (1 —p)™ : ;

(x| u)= — EN _
aremax p(x — _
gu p u N Ny = _1(1 X, )




Problems with MLE?

* Provides a point estimate; no notion of uncertainty
around parameters

* Does not naturally incorporate prior beliefs (maybe
a pro, if you're a frequentist?)

* Other thoughts”



Maximum A Posteriori (MAP)

Problem: Maximum likelihood can overfit
when data I1s limited

One Solution: Place a prior over parameters
0* = argmax logp(0 | x)
0
= argmax log[p(6 | x)p(x)]

= argmax log[p(x | 6)p(6)]

= argmax logp(x | 6)+1logp(6)
0

ML Objective / \

L Reqgularization
(same as minimizing CE loss) J



INntuition: Bayesian Posterior

p(0 | x)=p(x|6)p(0)/p(x)

Posterior L Likelihood L Prior

Example: Biased Coin
X Observed data (flip outcomes)

X = 1: Heads
X = 0: Talls

6 Unknown variable (coin bias)

0 = 0.5: No bias
0 = 1.0: Always heads
0 = 0.0: Always tails



INntuition: Bayesian Posterior

p(0 | x)=p(x|6)p(0)/p(x)

Posterior L Likelihood L Prior

Uninformative Prior

p(6)

0 heads, 0 tails

------------------------------------------------------------------------------------------------------------------------

6 (Coin Bias)



INntuition: Bayesian Posterior

p(0 | x)=p(x|6)p(0)/p(x)

Posterior L Likelihood L Prior

Posterior after 10 trials

7 heads, 3 tails
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6 (Coin Bias)



INntuition: Bayesian Posterior

p(0 | x)=p(x|6)p(0)/p(x)

Posterior L Likelihood L Prior

Posterior after 30 trials

16 heads, 14 tails
2N .
\ 7 heads, 3 tails

6 (Coin Bias)



INntuition: Bayesian Posterior

p(0 | x)=p(x|6)p(0)/p(x)

Posterior L Likelihood L Prior

Posterior after 50 trials

| | | |
24 heads, 26 tails

16 heads, 14 tails

/
N 7 heads, 3 tails

—-————
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6 (Coin Bias)



INntuition: Bayesian Posterior

p(0 | x)=p(x|6)p(0)/p(x)

Posterior L Likelihood L Prior

Posterior after 50 trials

| | | |
24 heads, 26 tails

16 heads, 14 tails

/
N 7 heads, 3 tails

—-————
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- ~

6 (Coin Bias)



INntuition: Bayesian Posterior

p(0 | x)=p(x|6)p(0)/p(x)

Posterior L Likelihood L Prior

MAP estimate after 50 trials

| | | |
24 heads, 26 tails

16 heads, 14 tails

”\'\ .
\\ 7 heads, 3 tails
, / XS
0 heads, O tails /, ¢\
......................................... / I \.,
1 A ! S
0 0.2 0.4 0.6 0.8 1.0

6 (Coin Bias)



Prior: Beta Distribution

(a distribution on values in the range O to 1)

p(u|a,b)

|

Beta(u|a, b)

N\

a_l_b) a—1

NOK (1—p)’!

o=

a
a

+ b
ab

Q

(a+b)?(a+b+1)
a—1

a+b—2



ML and MAP estimation

Maximum Likelihood Estimation

0* = argmax py(x{,...,Xy)
?

= argmax logpg(xq,...,XyN)
0

Maximum A Posterior Estimation

0* = argmax logp(0 | x)
f
= argmax logp(x | 6)+1logp(6)

0
ML Objective / \

N . Regularization
(same as minimizing a loss function)



The Marginal Likelihooo

Marginal likelihood Likelihood Prior

(a.k.a. the Ewdence / /

p(X\a b)—fp(X\u)p(u\a b)du

— :p(,ula,b)[p(x ‘ ALL)]
“Average” likelihood of data (under prior)

B(N;+a,N,+b)
B(a, b)

p(x|a,b)=

Can calculate in closed form for conjugate priors



| et’'s see this In action...



Example: Dirichlet Distribution

(Conjugate to the Discrete Distribution)

1 a—1 1_[[15:1 (o)
0) = 0. " B =
p( ) B(a) g k (a) 1“ (2521 ak)

a=(0.1,0.1,0.1) a=(1.0,1.0,1.0) a=(10.0,10.0,10.0)

(1,0,0) (0,0,1) (1,.0,0) (0,0,1) (1,00 (0,0,1}

(0.1.0) (0,1,0) {0.1,0)




Example: Dirichlet Distribution

1.0 1.0 1.0 1.0
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oo nmingualin] , [nlenplenal] |, [Heninlneen! | adNaf-NER




Conjugate Priors

https://en.wikipedia.org/wiki/Conjugate_prior

Conjugate
Model lug Prior e
Likelihood e prior T rs Posterior hyperparameters Interpretation of hyperparameters Posterior predictive! ]
distribution
_; | mean was estimated from
A 1 Ho  2ia® 1 n observations with total precision
i=1 Li - ions wi isi
with known mean Normal —_ y | =+ — AT (5]
variance o2 ue ) o, 9 lz + 2 (aﬁ o? ) (0(2) o2 ) (sum of all individual precisions) N (@, af + %)
% 1/o} and with sample mean

mean was estimated from
Ay -1 Z observations with total precision 1 1
with known | u (mean) Normal Ho, To TOHO T T 2hi T 0 +n7 = - N(z|w,=+=)8

. + 2 (sum of all individual precisions) T T T

precision T THEL BT 0

and with sample mean p,

variance was estimated from 2«
Normal i n (2 — “)2 observations with sample variance
with known | o® (variance) | Inverse gamma | o, g ("¢ 5] a+—, g4 ==L 3/ a (i.e. with sum of squared to (E|lp, 0 = B /') )
mean u 2 2 deviations 23, where deviations are

from known mean y)
Normal Scaled inverse - - 2 variance was estimated from v
with known | o2 (variance) . e voy + iy (i — p) observations with sample variance | ¢, (Z|u 02')[5]

chi-squared » 70 v+mn, : N

mean u v+mn a?

precision was estimated from 2«
N?rmal . , n n o ﬂ-)2 observations with sample variance ;
with known | T (precision) Gamma a, g3 a+ —, B+ == B/a (i.e. with sum of squared ton (% | py0® = B /a) (5]
mean U E 2 deviations 23, where deviations are

bomnmn Lmmsiim smamnam ..\



https://en.wikipedia.org/wiki/Conjugate_prior

Graphical Models



Motivation: Spam Filtering

Features: Words in E-mail Labels: Spam or not Spam
] 1 1 A Yn < {OJ 1}
0 aardvark
0 aardwolf Input: Labeled Data
X = {(xl,yl),---,(XN,yN)}

1 buy
: - Goal: Predict Unlabeled Data

0 Zygmurgy




Nalve Bayes
(on board)



Graphical Model: Naive Bayes

vy, ~ Bernoulli(u) n=1,...,N

X4 |y, =k ~Bernoulli(¢p,4) k=0,1 d=1,...,D

Parameters ~

> Observed Variables

b "/

- (value known)

__— Unobserved Variables

U —AO‘/ (value unknown)

pe,y U, @)= ]_[p(yn | u)]_[p(xnd | Yn> P)
n=1 d=1



Graphical Model: Naive Bayes

Generative Model

vy, ~ Bernoulli(u) n=1,...,N
X4 |y, =k ~Bernoulli(¢,;,) k=0,1 d=1,...,D

Graphical Model Joint Distribution
(- N pe,y [ 1, @)

$ —
k D Goal: Predict Labels

_plx |y, o)p(y | u)
u \@ N p(y|lx,u,¢)= G )




Prediction with Bayesian Posterior

Posterior on Label (Spam=1, Not Spam=0)
p(x’,y" | u,P)
p(x’ | u, ®)

Marginal Likelihood
p(x’ | u, @) = Z p(x’,y ' =k|u,¢)

k={0,1}

p(y' | x',u, ) =

Joint
p(x,y lw ) =p(y' |w] [pG) 1y, ¢)
d=1
p(y' [w) = (1—w)>)
PO, |y =k, ) = prd(1— )™



Parameter Estimation

Maximum Likelihood Labeled Data

N
argIEaX Z lng(yna xn | Aua ¢) {(xlayl)a © o0y (XNJyN)}
W, n=1

Maximum A Posteriori

N
argngax log p(u, ) + Z log p(yn, x| U, P)
W, n=1

Test-time Prediction

p(y' | x', u*,¢*)



Maximum Likelihood Estimation

Objective Training Data (Labeled)

N
arg?ax Z lng(yn, xn | Il’l’) ¢) {(xln yl): © o0y (XNa yN)}
W, n=1

Optimum Parameters

1 < Interpretation: Fraction

U= N;I[}/n =1] of Spam in training set

] Interpretation: Fraction

Prd = N Z I[x,g=1] of non-spam (k=0) and
K n:y,=k spam (k=1) messages

that contain term.



Maximum Likelihood Estimation

Objective Training Data (Labeled)

argmax Z log p(¥r X [ :®)  {(x1, 1), -, ey, )
i n=1

Optimum Parameters Problem:
What do you do for words
NY not found in training set”
b= N Zl[xndzl]zO
Nx n



Maximum Likelihood Estimation

Objective Training Data (Labeled)

N
al”gIEaX Z logp(yn9 xn | ILLJ ¢) {(xla yl)) © o0y (XNJ yN)}
W, n=1

Optimum Parameters Problem:
(with Laplace smoothing) What do you do for words
not found in training set”
N +1
== > I[x, =1]=0
N +1 "

d)kd:Nky+D Pod = P10 =0



Nalve Bayes with Priors

Generative Model Graphical Model
A

u ~ Beta(1,1) ’ @ A
¢kd ~ Beta(l, 1) . DJ

-

vy, ~ Bernoulli(u)

X4 |y, =k ~ Bernoulli(¢;.,4) @— @ N

\- _J

Maximum A Posteriori

y' =argmax p(y’ | x’,u", ¢")
y/

N
U, " = argrgax logp(u, @) + Zlogp(xn,yn | u, @)
s n=1



Exponential Families



Exponential Family Distributions

Base Log
Measure Normalizer

T T

Natural Sufficient
Parameters Statistics

Product of terms:

X-dependent, xn-dependent, n-dependent



Example: Discrete Distribution

p(x | 1) = h(x)exp

K
px|0)=| | 6% =exp
k=1

thi(x)—a(n)

o _
> log(6)x;
k=1 i

h(x)=1

Ny = log 6,
t(x) = Xy
a(n)=0



Example: Gaussian Distribution

p(x | 1) = h(x)exp

p(x | p,0)=

1

V2mo2

exp

thi(x)—a(n)

=
_ } u 1
1 (x — ) T’:(O-z’ 0-2)

L 2

O 2




Exponential Families

https://en.wikipedia.org/wiki/Exponential_family

Natural parameter(s) Inverse parameter — Sufficient
Distribution | Parameter(s) 6 P P measure statistic Log-partition A(n) Log-partition A(8)

n mapping h(z) T(x)

1 el
In =
Bernoulli l1—p 1+e7 1+e"
distribution | ° « This is the logit « This is the logistic
function. function.

x In(1 + €") In(1 - p)

binomial
distribution p 1 -
€ 1
with known | p In - n x nla(l + €") nin(1 - p)
1-p 1+em 1+e"
number of

trials n

Poisson N I\ - 1
distribution 1 € -

negative
binomial
distribution : z+r—1

with known ( > *
number of

failures r

rin(1 — e") rin(l - p)

exponential

distribution | A ) 1 r In(—n) In A

Pareto

distribution

with known |a a-1 1-79 1 Inz In(-1-n)+(1+n)lnz, Ina - ahnaz,
minimum

value xp,

Most of the “normally” used distributions:
Normal, Gamma, Dirichlet, Discrete, Poisson, Cauchy, etc.


https://en.wikipedia.org/wiki/Exponential_family

