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Probability Spaces
Definition: A probability space (Ω, F, P) consists of 

• A sample space Ω (i.e. the set of outcomes)

• A set of events F (i.e. the set possible sets)

• A probability measure P (maps events to probabilities)

P : F ! R
<latexit sha1_base64="JsKmSepmNWNejK/x7/A8U4xcOHU="></latexit><latexit sha1_base64="JsKmSepmNWNejK/x7/A8U4xcOHU="></latexit><latexit sha1_base64="JsKmSepmNWNejK/x7/A8U4xcOHU="></latexit><latexit sha1_base64="Lizp2xceYN0ttRtG9rBgnh18YK0="></latexit>

<latexit sha1_base64="QhO8av9GZqjn488+bng2K+8TgR0="></latexit>

<latexit sha1_base64="zZARBkti+CjmkiAHAzGNJXFb7os="></latexit>

Axioms of Probability

<latexit sha1_base64="lf+f7t3rAnWp0LosZvdc4nt/pT8="></latexit>



Conditional Probabilities
• Definition: Joint Probability

Events (i.e. sets of outcomes)

Outcomes in both A and B 

<latexit sha1_base64="jOg0ymbChrRCRgTYFyKlzxUOUvo="></latexit>

• Definition: Conditional Probability

<latexit sha1_base64="BGd2Xr9KkW1XkWQ7CP3nBn6m97o="></latexit>



Probability Density Functions
• Problem: If X is a continuous variable, then  

P(X=x) is 0 for any outcome x

<latexit sha1_base64="t7DFkgclZQdjgqVU92wCfci9sPs="></latexit>

• Solution: Define a density function as a derivative

<latexit sha1_base64="JB2xSrOIcziqiGlT27/k+YqP3JQ="></latexit>

<latexit sha1_base64="KmwA6wLlZnvVp2XPZIAdU0Yu7Sk="></latexit>

Event

<latexit sha1_base64="emiVXPKdZNIUsWxsTzTT5sPjYyE="></latexit>

Capital P for probability

Small p for density

Single Outcome



Objectives in Learning
<latexit sha1_base64="DbKuJ5Y4XlcW47YLCtpjUca1wGU="></latexit>

Model parameters
(e.g. neural network weights)

Unknown
Variables

Known
Variables

Quantity
of Interest

Setting Self-driving Cars

Pedestrian motion

Will pedestrian cross road?

Chance of accident

Model for pedestrian behavior

Medical Diagnosis

Symptoms / Test results

Condition of patient

Treatment outcome

Model for diseases / symptoms
<latexit sha1_base64="NCs88t797pzsV7IbwYGi8//NozA="></latexit>

<latexit sha1_base64="IlWN5Be0arRjSlLHUHcbP1yX4us="></latexit>

<latexit sha1_base64="WDpIMLyTP0Eo4f+8kuEHHrPGy1k="></latexit>

<latexit sha1_base64="Xzj0FseKVKuaQqZ+GU2gHBQwjXA="></latexit>



Maximum Likelihood 
Estimation



MLE Framework
Observe some data X = x1, ..., xn

<latexit sha1_base64="uXb6RcYPs450r4ZTCVMypVFMTJc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q0vBRQlJFXQjFN24rGIf0MYwmUzaoZNJmJlIS+jejb/ixoUibv0Bd/6NSZuFth64cDjnXu69x40Ylco0v7XCyura+kZxs7S1vbO7p+8ftGUYC0xaOGSh6LpIEkY5aSmqGOlGgqDAZaTjjq4yv/NAhKQhv1OTiNgBGnDqU4xUKjl6uQsvYDJ2rBo0DKMGxw6fwlJ17FDYpxze3nslR6+YhjkDXCZWTiogR9PRv/peiOOAcIUZkrJnmZGyEyQUxYxMS/1YkgjhERqQXko5Coi0k9kvU1hNFQ/6oUiLKzhTf08kKJByErhpZ4DUUC56mfif14uVf24nlEexIhzPF/kxgyqEWTDQo4JgxSYpQVjQ9FaIh0ggrNL4shCsxZeXSbtuWCdG/ea00rjM4yiCI1AGx8ACZ6ABrkETtAAGj+AZvII37Ul70d61j3lrQctnDsEfaJ8/N3+XXw==</latexit>

xi 2 Rd
<latexit sha1_base64="hvMP8mJi0DY3s8koZv1E5qXOghU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ac0sWw2m3bpZhN2N2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWaen3CmtG1/W6WV1bX1jfJmZWt7Z3evun/QUXEqCW2TmMey52NFORO0rZnmtJdIiiOf064/vs797iOVisXiXk8S6kV4KFjICNZGcp8GDLlMoLuHoDKo1uy6PQNaJk5BalCgNah+uUFM0ogKTThWqu/YifYyLDUjnE4rbqpogskYD2nfUIEjqrxsdvMUnRglQGEsTQmNZurviQxHSk0i33RGWI/UopeL/3n9VIeXXsZEkmoqyHxRmHKkY5QHgAImKdF8YggmkplbERlhiYk2MeUhOIsvL5NOo+6c1Ru357XmVRFHGY7gGE7BgQtowg20oA0EEniGV3izUuvFerc+5q0lq5g5hD+wPn8AqFOQxw==</latexit>

We assume this is a random draw (sample) 
from some parameterized distribution P✓

<latexit sha1_base64="ku/fJtRQSMHGItdbUoA6IPPChsI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2E2gjYvWAkwT8iA2VCAVnaKXHRj/r4QiQTfvlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn84ik9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophtd+JlSSIii+WBSmkmJMZ+/TgdDAUU4sYVwLeyvlI6YZRxtSyYbgLb+8Slq1qndRrd1fVuo3eRxFckJOyTnxyBWpkzvSIE3CiSLP5JW8OcZ5cd6dj0VrwclnjskfOJ8/xemQ+w==</latexit>



MLE Framework
Observe some data X = x1, ..., xn

<latexit sha1_base64="uXb6RcYPs450r4ZTCVMypVFMTJc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q0vBRQlJFXQjFN24rGIf0MYwmUzaoZNJmJlIS+jejb/ixoUibv0Bd/6NSZuFth64cDjnXu69x40Ylco0v7XCyura+kZxs7S1vbO7p+8ftGUYC0xaOGSh6LpIEkY5aSmqGOlGgqDAZaTjjq4yv/NAhKQhv1OTiNgBGnDqU4xUKjl6uQsvYDJ2rBo0DKMGxw6fwlJ17FDYpxze3nslR6+YhjkDXCZWTiogR9PRv/peiOOAcIUZkrJnmZGyEyQUxYxMS/1YkgjhERqQXko5Coi0k9kvU1hNFQ/6oUiLKzhTf08kKJByErhpZ4DUUC56mfif14uVf24nlEexIhzPF/kxgyqEWTDQo4JgxSYpQVjQ9FaIh0ggrNL4shCsxZeXSbtuWCdG/ea00rjM4yiCI1AGx8ACZ6ABrkETtAAGj+AZvII37Ul70d61j3lrQctnDsEfaJ8/N3+XXw==</latexit>

xi 2 Rd
<latexit sha1_base64="hvMP8mJi0DY3s8koZv1E5qXOghU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ac0sWw2m3bpZhN2N2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWaen3CmtG1/W6WV1bX1jfJmZWt7Z3evun/QUXEqCW2TmMey52NFORO0rZnmtJdIiiOf064/vs797iOVisXiXk8S6kV4KFjICNZGcp8GDLlMoLuHoDKo1uy6PQNaJk5BalCgNah+uUFM0ogKTThWqu/YifYyLDUjnE4rbqpogskYD2nfUIEjqrxsdvMUnRglQGEsTQmNZurviQxHSk0i33RGWI/UopeL/3n9VIeXXsZEkmoqyHxRmHKkY5QHgAImKdF8YggmkplbERlhiYk2MeUhOIsvL5NOo+6c1Ru357XmVRFHGY7gGE7BgQtowg20oA0EEniGV3izUuvFerc+5q0lq5g5hD+wPn8AqFOQxw==</latexit>

We assume this is a random draw (sample) 
from some parameterized distribution P✓

<latexit sha1_base64="ku/fJtRQSMHGItdbUoA6IPPChsI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2E2gjYvWAkwT8iA2VCAVnaKXHRj/r4QiQTfvlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn84ik9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophtd+JlSSIii+WBSmkmJMZ+/TgdDAUU4sYVwLeyvlI6YZRxtSyYbgLb+8Slq1qndRrd1fVuo3eRxFckJOyTnxyBWpkzvSIE3CiSLP5JW8OcZ5cd6dj0VrwclnjskfOJ8/xemQ+w==</latexit>

Goal: find ✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>



MLE Framework
Observe some data X = x1, ..., xn

<latexit sha1_base64="uXb6RcYPs450r4ZTCVMypVFMTJc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q0vBRQlJFXQjFN24rGIf0MYwmUzaoZNJmJlIS+jejb/ixoUibv0Bd/6NSZuFth64cDjnXu69x40Ylco0v7XCyura+kZxs7S1vbO7p+8ftGUYC0xaOGSh6LpIEkY5aSmqGOlGgqDAZaTjjq4yv/NAhKQhv1OTiNgBGnDqU4xUKjl6uQsvYDJ2rBo0DKMGxw6fwlJ17FDYpxze3nslR6+YhjkDXCZWTiogR9PRv/peiOOAcIUZkrJnmZGyEyQUxYxMS/1YkgjhERqQXko5Coi0k9kvU1hNFQ/6oUiLKzhTf08kKJByErhpZ4DUUC56mfif14uVf24nlEexIhzPF/kxgyqEWTDQo4JgxSYpQVjQ9FaIh0ggrNL4shCsxZeXSbtuWCdG/ea00rjM4yiCI1AGx8ACZ6ABrkETtAAGj+AZvII37Ul70d61j3lrQctnDsEfaJ8/N3+XXw==</latexit>

xi 2 Rd
<latexit sha1_base64="hvMP8mJi0DY3s8koZv1E5qXOghU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ac0sWw2m3bpZhN2N2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWaen3CmtG1/W6WV1bX1jfJmZWt7Z3evun/QUXEqCW2TmMey52NFORO0rZnmtJdIiiOf064/vs797iOVisXiXk8S6kV4KFjICNZGcp8GDLlMoLuHoDKo1uy6PQNaJk5BalCgNah+uUFM0ogKTThWqu/YifYyLDUjnE4rbqpogskYD2nfUIEjqrxsdvMUnRglQGEsTQmNZurviQxHSk0i33RGWI/UopeL/3n9VIeXXsZEkmoqyHxRmHKkY5QHgAImKdF8YggmkplbERlhiYk2MeUhOIsvL5NOo+6c1Ru357XmVRFHGY7gGE7BgQtowg20oA0EEniGV3izUuvFerc+5q0lq5g5hD+wPn8AqFOQxw==</latexit>

We assume this is a random draw (sample) 
from some parameterized distribution P✓

<latexit sha1_base64="ku/fJtRQSMHGItdbUoA6IPPChsI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2E2gjYvWAkwT8iA2VCAVnaKXHRj/r4QiQTfvlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn84ik9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophtd+JlSSIii+WBSmkmJMZ+/TgdDAUU4sYVwLeyvlI6YZRxtSyYbgLb+8Slq1qndRrd1fVuo3eRxFckJOyTnxyBWpkzvSIE3CiSLP5JW8OcZ5cd6dj0VrwclnjskfOJ8/xemQ+w==</latexit>

Goal: find ✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

In MLE we pick 
✓MLE = argmax✓P (X|✓)

<latexit sha1_base64="KS+dP4MOjiQUlGf4IPkYhsmjQWw=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBD0EnajYC6CKIIHhQhGA0lYZiedZMjsg5leMaz7K178FS8eFMlN/BknyR7UWDBQXdVNT5cXSaHRtj+tmdm5+YXF3FJ+eWV1bb2wsXmrw1hxqPFQhqruMQ1SBFBDgRLqkQLmexLuvP7ZyL+7B6VFGNzgIIKWz7qB6AjO0EhuodLEHiBzkybCAyZXl+dpSo9pVjLV9dlDmrqTLlrdqz9O6L5bKNoleww6TZyMFEmGqlsYNtshj30IkEumdcOxI2yZFSi4hDTfjDVEjPdZFxqGBswH3UrGF6Z01yht2gmVeQHSsfpzImG+1gPfM50+w57+643E/7xGjJ1KKxFBFCMEfLKoE0uKIR3FRdtCAUc5MIRxJcxfKe8xxTiaUPMmBOfvydPktlxyDkrl68PiyWkWR45skx2yRxxyRE7IBamSGuHkibyQN/JuPVuv1oc1nLTOWNnMFvkF6+sb156khQ==</latexit>



MLE Framework
Observe some data X = x1, ..., xn

<latexit sha1_base64="uXb6RcYPs450r4ZTCVMypVFMTJc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q0vBRQlJFXQjFN24rGIf0MYwmUzaoZNJmJlIS+jejb/ixoUibv0Bd/6NSZuFth64cDjnXu69x40Ylco0v7XCyura+kZxs7S1vbO7p+8ftGUYC0xaOGSh6LpIEkY5aSmqGOlGgqDAZaTjjq4yv/NAhKQhv1OTiNgBGnDqU4xUKjl6uQsvYDJ2rBo0DKMGxw6fwlJ17FDYpxze3nslR6+YhjkDXCZWTiogR9PRv/peiOOAcIUZkrJnmZGyEyQUxYxMS/1YkgjhERqQXko5Coi0k9kvU1hNFQ/6oUiLKzhTf08kKJByErhpZ4DUUC56mfif14uVf24nlEexIhzPF/kxgyqEWTDQo4JgxSYpQVjQ9FaIh0ggrNL4shCsxZeXSbtuWCdG/ea00rjM4yiCI1AGx8ACZ6ABrkETtAAGj+AZvII37Ul70d61j3lrQctnDsEfaJ8/N3+XXw==</latexit>

xi 2 Rd
<latexit sha1_base64="hvMP8mJi0DY3s8koZv1E5qXOghU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ac0sWw2m3bpZhN2N2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWaen3CmtG1/W6WV1bX1jfJmZWt7Z3evun/QUXEqCW2TmMey52NFORO0rZnmtJdIiiOf064/vs797iOVisXiXk8S6kV4KFjICNZGcp8GDLlMoLuHoDKo1uy6PQNaJk5BalCgNah+uUFM0ogKTThWqu/YifYyLDUjnE4rbqpogskYD2nfUIEjqrxsdvMUnRglQGEsTQmNZurviQxHSk0i33RGWI/UopeL/3n9VIeXXsZEkmoqyHxRmHKkY5QHgAImKdF8YggmkplbERlhiYk2MeUhOIsvL5NOo+6c1Ru357XmVRFHGY7gGE7BgQtowg20oA0EEniGV3izUuvFerc+5q0lq5g5hD+wPn8AqFOQxw==</latexit>

We assume this is a random draw (sample) 
from some parameterized distribution P✓

<latexit sha1_base64="ku/fJtRQSMHGItdbUoA6IPPChsI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2E2gjYvWAkwT8iA2VCAVnaKXHRj/r4QiQTfvlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn84ik9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophtd+JlSSIii+WBSmkmJMZ+/TgdDAUU4sYVwLeyvlI6YZRxtSyYbgLb+8Slq1qndRrd1fVuo3eRxFckJOyTnxyBWpkzvSIE3CiSLP5JW8OcZ5cd6dj0VrwclnjskfOJ8/xemQ+w==</latexit>

Goal: find ✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

In MLE we pick 
✓MLE = argmax✓P (X|✓)

<latexit sha1_base64="KS+dP4MOjiQUlGf4IPkYhsmjQWw=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBD0EnajYC6CKIIHhQhGA0lYZiedZMjsg5leMaz7K178FS8eFMlN/BknyR7UWDBQXdVNT5cXSaHRtj+tmdm5+YXF3FJ+eWV1bb2wsXmrw1hxqPFQhqruMQ1SBFBDgRLqkQLmexLuvP7ZyL+7B6VFGNzgIIKWz7qB6AjO0EhuodLEHiBzkybCAyZXl+dpSo9pVjLV9dlDmrqTLlrdqz9O6L5bKNoleww6TZyMFEmGqlsYNtshj30IkEumdcOxI2yZFSi4hDTfjDVEjPdZFxqGBswH3UrGF6Z01yht2gmVeQHSsfpzImG+1gPfM50+w57+643E/7xGjJ1KKxFBFCMEfLKoE0uKIR3FRdtCAUc5MIRxJcxfKe8xxTiaUPMmBOfvydPktlxyDkrl68PiyWkWR45skx2yRxxyRE7IBamSGuHkibyQN/JuPVuv1oc1nLTOWNnMFvkF6+sb156khQ==</latexit>

P (X|✓) =
Y

i

P (xi|✓)
<latexit sha1_base64="RQCeB0FfPfleezVu8FgrLUwyx9Q=">AAACDHicbVDLSsNAFJ34rPVVdelmsAh1U5Iq6EYounFZwT6gCWEymbRDJw9mbsQS+wFu/BU3LhRx6we482+cthG09cDA4ZxzuXOPlwiuwDS/jIXFpeWV1cJacX1jc2u7tLPbUnEqKWvSWMSy4xHFBI9YEzgI1kkkI6EnWNsbXI799i2TisfRDQwT5oSkF/GAUwJackvlRqVzb0OfATnC59hOZOy7HDcqdy7/0XXKrJoT4Hli5aSMcjTc0qftxzQNWQRUEKW6lpmAkxEJnAo2KtqpYgmhA9JjXU0jEjLlZJNjRvhQKz4OYqlfBHii/p7ISKjUMPR0MiTQV7PeWPzP66YQnDkZj5IUWESni4JUYIjxuBnsc8koiKEmhEqu/4ppn0hCQfdX1CVYsyfPk1atah1Xa9cn5fpFXkcB7aMDVEEWOkV1dIUaqIkoekBP6AW9Go/Gs/FmvE+jC0Y+s4f+wPj4BtThmjk=</latexit>



Normal
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Let’s work this out…



Discrete/Categorical Distribution
Example: Loaded Dice
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Maximum Likelihood Estimation
Likelihood of N independent events:
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(known as cross-entropy loss in neural net libraries)



Appendix B. Probability Distributions

In this appendix, we summarize the main properties of some of the most widely used
probability distributions, and for each distribution we list some key statistics such as
the expectation E[x], the variance (or covariance), the mode, and the entropy H[x].
All of these distributions are members of the exponential family and are widely used
as building blocks for more sophisticated probabilistic models.

Bernoulli

This is the distribution for a single binary variable x ∈ {0, 1} representing, for
example, the result of flipping a coin. It is governed by a single continuous parameter
µ ∈ [0, 1] that represents the probability of x = 1.

Bern(x|µ) = µx(1 − µ)1−x (B.1)
E[x] = µ (B.2)

var[x] = µ(1 − µ) (B.3)

mode[x] =
{

1 if µ ! 0.5,
0 otherwise (B.4)

H[x] = −µ lnµ − (1 − µ) ln(1 − µ). (B.5)

The Bernoulli is a special case of the binomial distribution for the case of a single
observation. Its conjugate prior for µ is the beta distribution.
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(a discrete distribution with outcomes x=0 and x=1)
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Likelihood: Bernoulli
(a discrete distribution with outcomes x=0 and x=1)

Question:  What is the likelihood of N trials? 
What is ML estimate for μ?
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Let’s work this out in the MLE framework



Appendix B. Probability Distributions

In this appendix, we summarize the main properties of some of the most widely used
probability distributions, and for each distribution we list some key statistics such as
the expectation E[x], the variance (or covariance), the mode, and the entropy H[x].
All of these distributions are members of the exponential family and are widely used
as building blocks for more sophisticated probabilistic models.

Bernoulli

This is the distribution for a single binary variable x ∈ {0, 1} representing, for
example, the result of flipping a coin. It is governed by a single continuous parameter
µ ∈ [0, 1] that represents the probability of x = 1.

Bern(x|µ) = µx(1 − µ)1−x (B.1)
E[x] = µ (B.2)

var[x] = µ(1 − µ) (B.3)

mode[x] =
{

1 if µ ! 0.5,
0 otherwise (B.4)

H[x] = −µ lnµ − (1 − µ) ln(1 − µ). (B.5)

The Bernoulli is a special case of the binomial distribution for the case of a single
observation. Its conjugate prior for µ is the beta distribution.

685

Likelihood: Bernoulli
(a discrete distribution with outcomes x=0 and x=1)

Question:  What is the likelihood of N trials? 
What is ML estimate for μ?

<latexit sha1_base64="rFDK4chHT8TWk0I5A6IfQs68gQw="></latexit>

<latexit sha1_base64="OcrB1bb80J7MtVpH1B1yXPJK988="></latexit>

<latexit sha1_base64="Y9GIAvEpV4IwBzU1EjklMW+vpu8="></latexit><latexit sha1_base64="Y9GIAvEpV4IwBzU1EjklMW+vpu8="></latexit>

<latexit sha1_base64="L53pKGN5Jv2bhSABlTqfXA+6U8s="></latexit><latexit sha1_base64="L53pKGN5Jv2bhSABlTqfXA+6U8s="></latexit>



Problems with MLE?

• Provides a point estimate; no notion of uncertainty 
around parameters 

• Does not naturally incorporate prior beliefs (maybe 
a pro, if you’re a frequentist?) 

• Other thoughts?



Maximum A Posteriori (MAP)
Problem: Maximum likelihood can overfit 
when data is limited

One Solution: Place a prior over parameters
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ML Objective 
(same as minimizing CE loss) Regularization



Intuition: Bayesian Posterior

Posterior Likelihood Prior

Observed data (flip outcomes)

Unknown variable (coin bias)

Example: Biased Coin
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θ = 0.5: No bias
θ = 1.0: Always heads
θ = 0.0: Always tails

x = 1: Heads
x = 0: Tails



Intuition: Bayesian Posterior

Posterior Likelihood Prior

<latexit sha1_base64="E59eI3vLjhhVQUj5ANDoMnc++Po="></latexit>

<latexit sha1_base64="T2jhFi9T4qPmeig6eE2VUj+CNOg="></latexit>

<latexit sha1_base64="L8j+V7PAJMvZrRHurXhl1Y7ETYE="></latexit>

Uninformative Prior



Intuition: Bayesian Posterior

Posterior Likelihood Prior
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Intuition: Bayesian Posterior

Posterior Likelihood Prior
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Intuition: Bayesian Posterior

Posterior Likelihood Prior
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Posterior Likelihood Prior
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MAP estimate after 50 trials



Prior: Beta Distribution
686 B. PROBABILITY DISTRIBUTIONS

Beta

This is a distribution over a continuous variable µ ∈ [0, 1], which is often used to
represent the probability for some binary event. It is governed by two parameters a
and b that are constrained by a > 0 and b > 0 to ensure that the distribution can be
normalized.

Beta(µ|a, b) =
Γ(a + b)
Γ(a)Γ(b)

µa−1(1 − µ)b−1 (B.6)

E[µ] =
a

a + b
(B.7)

var[µ] =
ab

(a + b)2(a + b + 1)
(B.8)

mode[µ] =
a − 1

a + b − 2
. (B.9)

The beta is the conjugate prior for the Bernoulli distribution, for which a and b can
be interpreted as the effective prior number of observations of x = 1 and x = 0,
respectively. Its density is finite if a ! 1 and b ! 1, otherwise there is a singularity
at µ = 0 and/or µ = 1. For a = b = 1, it reduces to a uniform distribution. The beta
distribution is a special case of the K-state Dirichlet distribution for K = 2.

Binomial

The binomial distribution gives the probability of observing m occurrences of x = 1
in a set of N samples from a Bernoulli distribution, where the probability of observ-
ing x = 1 is µ ∈ [0, 1].

Bin(m|N, µ) =
(

N

m

)
µm(1 − µ)N−m (B.10)

E[m] = Nµ (B.11)
var[m] = Nµ(1 − µ) (B.12)

mode[m] = ⌊(N + 1)µ⌋ (B.13)

where ⌊(N + 1)µ⌋ denotes the largest integer that is less than or equal to (N + 1)µ,
and the quantity (

N

m

)
=

N !
m!(N − m)!

(B.14)

denotes the number of ways of choosing m objects out of a total of N identical
objects. Here m!, pronounced ‘factorial m’, denotes the product m × (m − 1) ×
. . . , × 2 × 1. The particular case of the binomial distribution for N = 1 is known as
the Bernoulli distribution, and for large N the binomial distribution is approximately
Gaussian. The conjugate prior for µ is the beta distribution.

686 B. PROBABILITY DISTRIBUTIONS

Beta

This is a distribution over a continuous variable µ ∈ [0, 1], which is often used to
represent the probability for some binary event. It is governed by two parameters a
and b that are constrained by a > 0 and b > 0 to ensure that the distribution can be
normalized.

Beta(µ|a, b) =
Γ(a + b)
Γ(a)Γ(b)

µa−1(1 − µ)b−1 (B.6)

E[µ] =
a

a + b
(B.7)

var[µ] =
ab

(a + b)2(a + b + 1)
(B.8)

mode[µ] =
a − 1

a + b − 2
. (B.9)

The beta is the conjugate prior for the Bernoulli distribution, for which a and b can
be interpreted as the effective prior number of observations of x = 1 and x = 0,
respectively. Its density is finite if a ! 1 and b ! 1, otherwise there is a singularity
at µ = 0 and/or µ = 1. For a = b = 1, it reduces to a uniform distribution. The beta
distribution is a special case of the K-state Dirichlet distribution for K = 2.

Binomial

The binomial distribution gives the probability of observing m occurrences of x = 1
in a set of N samples from a Bernoulli distribution, where the probability of observ-
ing x = 1 is µ ∈ [0, 1].

Bin(m|N, µ) =
(

N

m

)
µm(1 − µ)N−m (B.10)

E[m] = Nµ (B.11)
var[m] = Nµ(1 − µ) (B.12)

mode[m] = ⌊(N + 1)µ⌋ (B.13)

where ⌊(N + 1)µ⌋ denotes the largest integer that is less than or equal to (N + 1)µ,
and the quantity (

N

m

)
=

N !
m!(N − m)!

(B.14)

denotes the number of ways of choosing m objects out of a total of N identical
objects. Here m!, pronounced ‘factorial m’, denotes the product m × (m − 1) ×
. . . , × 2 × 1. The particular case of the binomial distribution for N = 1 is known as
the Bernoulli distribution, and for large N the binomial distribution is approximately
Gaussian. The conjugate prior for µ is the beta distribution.

(a distribution on values in the range 0 to 1)
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ML and MAP estimation

Maximum A Posterior Estimation
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ML Objective 
(same as minimizing a loss function) Regularization
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Maximum Likelihood Estimation
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The Marginal Likelihood

“Average” likelihood of data (under prior)

p(x | a, b) =
Z

p(x | µ) p(µ | a, b) dµ

= Ep(µ|a,b)[p(x | µ)]
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Marginal likelihood
(a.k.a. the Evidence)

PriorLikelihood

p(x | a, b) =
Z

p(x | µ) p(µ | a, b) dµ

= Ep(µ|a,b)[p(x | µ)]
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The Marginal Likelihood

“Average” likelihood of data (under prior)

p(x | a, b) =
Z

p(x | µ) p(µ | a, b) dµ

= Ep(µ|a,b)[p(x | µ)]
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Marginal likelihood
(a.k.a. the Evidence)

PriorLikelihood

p(x | a, b) =
Z

p(x | µ) p(µ | a, b) dµ

= Ep(µ|a,b)[p(x | µ)]
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Can calculate in closed form for conjugate priors



Let’s see this in action…



Example: Dirichlet Distribution
(Conjugate to the Discrete Distribution)



Example: Dirichlet Distribution



Conjugate Priors
https://en.wikipedia.org/wiki/Conjugate_prior

https://en.wikipedia.org/wiki/Conjugate_prior


Graphical Models



Motivation: Spam Filtering

n

8

almost always do better than GDA. For this reason, in practice logistic re-
gression is used more often than GDA. (Some related considerations about
discriminative vs. generative models also apply for the Naive Bayes algo-
rithm that we discuss next, but the Naive Bayes algorithm is still considered
a very good, and is certainly also a very popular, classification algorithm.)

2 Naive Bayes

In GDA, the feature vectors x were continuous, real-valued vectors. Let’s
now talk about a different learning algorithm in which the xi’s are discrete-
valued.

For our motivating example, consider building an email spam filter using
machine learning. Here, we wish to classify messages according to whether
they are unsolicited commercial (spam) email, or non-spam email. After
learning to do this, we can then have our mail reader automatically filter
out the spam messages and perhaps place them in a separate mail folder.
Classifying emails is one example of a broader set of problems called text
classification.

Let’s say we have a training set (a set of emails labeled as spam or non-
spam). We’ll begin our construction of our spam filter by specifying the
features xi used to represent an email.

We will represent an email via a feature vector whose length is equal to
the number of words in the dictionary. Specifically, if an email contains the
i-th word of the dictionary, then we will set xi = 1; otherwise, we let xi = 0.
For instance, the vector

x =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1
0
0
...
1
...
0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

a
aardvark
aardwolf
...
buy
...
zygmurgy

is used to represent an email that contains the words “a” and “buy,” but not
“aardvark,” “aardwolf” or “zygmurgy.”2 The set of words encoded into the

2Actually, rather than looking through an english dictionary for the list of all english
words, in practice it is more common to look through our training set and encode in our
feature vector only the words that occur at least once there. Apart from reducing the

Features: Words in E-mail Labels: Spam or not Spam

<latexit sha1_base64="iu9HmuM8ES6Gw6NsDJhs69WH/1k="></latexit>

Input: Labeled Data

Goal: Predict Unlabeled Data



Naive Bayes 
(on board)



Graphical Model: Naive Bayes
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Parameters Observed Variables
(value known)

Unobserved Variables
(value unknown)
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Graphical Model: Naive Bayes
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Generative Model

Graphical Model Joint Distribution

Goal: Predict Labels
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Prediction with Bayesian PosteriorPrediction with Bayesian Posterior
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Posterior on Label (Spam=1, Not Spam=0) 
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Marginal Likelihood

Joint



Parameter Estimation

argmax
µ,�

NX

n=1

log p(yn, xn | µ,�)
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Maximum Likelihood

Maximum A Posteriori
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Test-time Prediction
p(y 0 | x 0,µ⇤,�⇤)
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Labeled Data
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Maximum Likelihood Estimation

argmax
µ,�

NX

n=1

log p(yn, xn | µ,�)
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Objective
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Interpretation: Fraction 
of Spam in training set

Interpretation: Fraction 
of non-spam (k=0) and  
spam (k=1) messages 
that contain term.

Optimum Parameters

Training Data (Labeled)



Maximum Likelihood Estimation

argmax
µ,�

NX

n=1

log p(yn, xn | µ,�)
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Objective Training Data (Labeled)
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Optimum Parameters Problem:
What do you do for words 
not found in training set?
X

n

I[xnd = 1] = 0
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Maximum Likelihood Estimation

argmax
µ,�

NX

n=1

log p(yn, xn | µ,�)
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Objective Training Data (Labeled)
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Optimum Parameters Problem:
What do you do for words 
not found in training set?
X

n

I[xnd = 1] = 0
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<latexit sha1_base64="S0hw0xu9GxuMpwD59Xeik3nisTw="></latexit>

<latexit sha1_base64="O2Q6sp0QTB9y6frtbWkBgKBP/p0="></latexit>



Maximum Likelihood Estimation

argmax
µ,�

NX

n=1

log p(yn, xn | µ,�)
<latexit sha1_base64="1KlWI1ElVcPB9vcHNYM3yWshWjs="></latexit><latexit sha1_base64="1KlWI1ElVcPB9vcHNYM3yWshWjs="></latexit><latexit sha1_base64="1KlWI1ElVcPB9vcHNYM3yWshWjs="></latexit><latexit sha1_base64="9sKU2q5vzoQL2fKObWnwXnDGLdw="></latexit>

Objective Training Data (Labeled)

<latexit sha1_base64="WmJuqo77gQPSB6J2JaVk+aFhF2U="></latexit>

Optimum Parameters Problem:
What do you do for words 
not found in training set?
X

n

I[xnd = 1] = 0
<latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="308eaHTzjRXEzH1u4jAvOVY4MdA="></latexit><latexit sha1_base64="fDhKOxW6/D0gcefc3/oigidVMIo="></latexit><latexit sha1_base64="fDhKOxW6/D0gcefc3/oigidVMIo="></latexit><latexit sha1_base64="EHziANVzouf18oPEIhlU1B0l7Vg="></latexit><latexit sha1_base64="Etny70knXCb2bYocvPdQuKmhMgo="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="308eaHTzjRXEzH1u4jAvOVY4MdA="></latexit><latexit sha1_base64="fDhKOxW6/D0gcefc3/oigidVMIo="></latexit><latexit sha1_base64="fDhKOxW6/D0gcefc3/oigidVMIo="></latexit><latexit sha1_base64="EHziANVzouf18oPEIhlU1B0l7Vg="></latexit><latexit sha1_base64="Etny70knXCb2bYocvPdQuKmhMgo="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="308eaHTzjRXEzH1u4jAvOVY4MdA="></latexit><latexit sha1_base64="fDhKOxW6/D0gcefc3/oigidVMIo="></latexit><latexit sha1_base64="fDhKOxW6/D0gcefc3/oigidVMIo="></latexit><latexit sha1_base64="EHziANVzouf18oPEIhlU1B0l7Vg="></latexit><latexit sha1_base64="Etny70knXCb2bYocvPdQuKmhMgo="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="oLH5zcLP2Rn0FO+9HVM3N72+lK0="></latexit><latexit sha1_base64="Etny70knXCb2bYocvPdQuKmhMgo="></latexit>

<latexit sha1_base64="S0hw0xu9GxuMpwD59Xeik3nisTw="></latexit>

µ=
N y

1 +1

N+2

�kd =
N x

kd+1

N y
k +D

<latexit sha1_base64="/5P6RWz2bLRJxnI4JWtUPPNMWFI="></latexit><latexit sha1_base64="/5P6RWz2bLRJxnI4JWtUPPNMWFI="></latexit><latexit sha1_base64="/5P6RWz2bLRJxnI4JWtUPPNMWFI="></latexit><latexit sha1_base64="308eaHTzjRXEzH1u4jAvOVY4MdA="></latexit><latexit sha1_base64="0QeqHgtCxQqn/6NiaRxt/8uSZrA="></latexit><latexit sha1_base64="0QeqHgtCxQqn/6NiaRxt/8uSZrA="></latexit><latexit sha1_base64="kZFu5ULCWFBgqKGvYZSHaw0IKbU="></latexit><latexit sha1_base64="Bc3gMkjveEn/Pm7hz8kAzhJPm/U="></latexit><latexit sha1_base64="/5P6RWz2bLRJxnI4JWtUPPNMWFI="></latexit><latexit sha1_base64="/5P6RWz2bLRJxnI4JWtUPPNMWFI="></latexit><latexit sha1_base64="/5P6RWz2bLRJxnI4JWtUPPNMWFI="></latexit><latexit sha1_base64="/5P6RWz2bLRJxnI4JWtUPPNMWFI="></latexit><latexit sha1_base64="Bc3gMkjveEn/Pm7hz8kAzhJPm/U="></latexit>

(with Laplace smoothing)



Naive Bayes with Priors
Generative Model

<latexit sha1_base64="yqrmo9qlpuWOPMvHQkJwHVrgYTA="></latexit>

<latexit sha1_base64="dSAwzQgzM2mfPwJQ6JKH+AQSRXc="></latexit>

<latexit sha1_base64="ZKSlnzyhzDhvnXivn69OoyNhKD4="></latexit>

<latexit sha1_base64="Ot+R1CnHY23oNHKIvRpVfR1ZFt4="></latexit>

<latexit sha1_base64="5aEhnAVokJ/REsLQTe+vKCoVvA4="></latexit>

<latexit sha1_base64="W95L7lAblSHe8aOH35d6unPhuxg="></latexit>

Graphical Model

Maximum A Posteriori

Naive Bayes with Priors
Generative Model

<latexit sha1_base64="yqrmo9qlpuWOPMvHQkJwHVrgYTA="></latexit>

<latexit sha1_base64="dSAwzQgzM2mfPwJQ6JKH+AQSRXc="></latexit>

<latexit sha1_base64="ZKSlnzyhzDhvnXivn69OoyNhKD4="></latexit>

<latexit sha1_base64="Ot+R1CnHY23oNHKIvRpVfR1ZFt4="></latexit>

<latexit sha1_base64="5aEhnAVokJ/REsLQTe+vKCoVvA4="></latexit>

<latexit sha1_base64="W95L7lAblSHe8aOH35d6unPhuxg="></latexit>

Graphical Model

Maximum A Posteriori (Offline)

<latexit sha1_base64="MllGERRbJW2pEUdOPCNMsB17SJ0="></latexit>



Exponential Families



Exponential Family Distributions

p(x | ⌘) = h(x)exp

ñX

i

⌘i ti(x)� a(⌘)

ô

<latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="308eaHTzjRXEzH1u4jAvOVY4MdA="></latexit><latexit sha1_base64="4el5TbWDkDb6IiuCLi4XGqdMiIU="></latexit><latexit sha1_base64="4el5TbWDkDb6IiuCLi4XGqdMiIU="></latexit><latexit sha1_base64="Y16pyw/RrE+egQND9sG2Q8tU4wI="></latexit><latexit sha1_base64="SZPXs8LZLLbYfs0p896dap+Uyjs="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="SZPXs8LZLLbYfs0p896dap+Uyjs="></latexit>

Base 
Measure

Natural
Parameters

Sufficient
Statistics

Log
Normalizer

Product of terms:
x-dependent, xη-dependent, η-dependent



Example: Discrete Distribution

p(x | ⌘) = h(x)exp

ñX

i

⌘i ti(x)� a(⌘)

ô

<latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="308eaHTzjRXEzH1u4jAvOVY4MdA="></latexit><latexit sha1_base64="4el5TbWDkDb6IiuCLi4XGqdMiIU="></latexit><latexit sha1_base64="4el5TbWDkDb6IiuCLi4XGqdMiIU="></latexit><latexit sha1_base64="Y16pyw/RrE+egQND9sG2Q8tU4wI="></latexit><latexit sha1_base64="SZPXs8LZLLbYfs0p896dap+Uyjs="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="SZPXs8LZLLbYfs0p896dap+Uyjs="></latexit>

<latexit sha1_base64="ls+qi2yz3iAjP463ge65PYpsfpk="></latexit><latexit sha1_base64="ls+qi2yz3iAjP463ge65PYpsfpk="></latexit>

Example: Discrete Distribution

p(x | ⌘) = h(x)exp

ñX

i

⌘i ti(x)� a(⌘)

ô

<latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="308eaHTzjRXEzH1u4jAvOVY4MdA="></latexit><latexit sha1_base64="4el5TbWDkDb6IiuCLi4XGqdMiIU="></latexit><latexit sha1_base64="4el5TbWDkDb6IiuCLi4XGqdMiIU="></latexit><latexit sha1_base64="Y16pyw/RrE+egQND9sG2Q8tU4wI="></latexit><latexit sha1_base64="SZPXs8LZLLbYfs0p896dap+Uyjs="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="SZPXs8LZLLbYfs0p896dap+Uyjs="></latexit>

<latexit sha1_base64="L4arIV8nMV4VQAe0T3pyZeJibTQ="></latexit>

<latexit sha1_base64="ls+qi2yz3iAjP463ge65PYpsfpk="></latexit><latexit sha1_base64="ls+qi2yz3iAjP463ge65PYpsfpk="></latexit>

<latexit sha1_base64="L4arIV8nMV4VQAe0T3pyZeJibTQ="></latexit>



Example: Gaussian Distribution

p(x | ⌘) = h(x)exp

ñX

i

⌘i ti(x)� a(⌘)

ô

<latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="308eaHTzjRXEzH1u4jAvOVY4MdA="></latexit><latexit sha1_base64="4el5TbWDkDb6IiuCLi4XGqdMiIU="></latexit><latexit sha1_base64="4el5TbWDkDb6IiuCLi4XGqdMiIU="></latexit><latexit sha1_base64="Y16pyw/RrE+egQND9sG2Q8tU4wI="></latexit><latexit sha1_base64="SZPXs8LZLLbYfs0p896dap+Uyjs="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="bVRaLLhBHyls6G0GfRlHTbmiFOg="></latexit><latexit sha1_base64="SZPXs8LZLLbYfs0p896dap+Uyjs="></latexit>

<latexit sha1_base64="ykPA1Jwj7yfvRgYIw+x7sCw6oLM=">AAAGTnicfZRbT9swFIBTRhnLLpTtcS/R+gJSQUmHgJdJiAltjwxxk+oOOclpa+FcsB0oWP5n+xF73dt+xd6mzW4j1sTRHCk68vnOzefYYU4JF77/o7X0ZLm98nT1mfv8xctXa5311+c8K1gEZ1FGM3YZYg6UpHAmiKBwmTPASUjhIrz+aPQXt8A4ydJTcZ/DMMHjlIxIhIXeuuo85BtTDyUk1r+i5yFOxgne9NwPnotGDEcyUB </latexit>

h(x) =
1p
2⇡

⌘ =
Å
µ

�2
,� 1
�2

ã

t(x) = (x , x2)

a(⌘) =
µ2

�2
+ log�

<latexit sha1_base64="3XrsISExVRSiqlZr+JaWTTR69rc="></latexit><latexit sha1_base64="3XrsISExVRSiqlZr+JaWTTR69rc="></latexit><latexit sha1_base64="3XrsISExVRSiqlZr+JaWTTR69rc="></latexit><latexit sha1_base64="308eaHTzjRXEzH1u4jAvOVY4MdA="></latexit><latexit sha1_base64="xB9H7qmH+TqN2vUMuLup3SMloV4="></latexit><latexit sha1_base64="xB9H7qmH+TqN2vUMuLup3SMloV4="></latexit><latexit sha1_base64="r2uUwc8/sdPQcPqzZiZbECVWk90="></latexit><latexit sha1_base64="QcSqy4jphajg5IIYXsiQgAUvIS0="></latexit><latexit sha1_base64="3XrsISExVRSiqlZr+JaWTTR69rc="></latexit><latexit sha1_base64="3XrsISExVRSiqlZr+JaWTTR69rc="></latexit><latexit sha1_base64="3XrsISExVRSiqlZr+JaWTTR69rc="></latexit><latexit sha1_base64="3XrsISExVRSiqlZr+JaWTTR69rc="></latexit><latexit sha1_base64="QcSqy4jphajg5IIYXsiQgAUvIS0="></latexit>



Exponential Families
https://en.wikipedia.org/wiki/Exponential_family

Most of the “normally” used distributions: 
Normal, Gamma, Dirichlet, Discrete, Poisson, Cauchy, etc.

https://en.wikipedia.org/wiki/Exponential_family

