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Example of an arbitrary association



Congressional hearing, October 29 2015



Correct visualization
> pp <- data.frame(

+ screening=c(2007371, 935573), abortion=c(289750,327000))

> plot(1:2, c(min(pp), max(pp)), type='n', xlab='Year', ylab='Number')
> lines(1:2, pp$screening, type='l', col='pink', lwd=3)

> lines(1:2, pp$abortion, col='red', lwd=3)
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Confidence intervals vs prediction intervals



Diamonds: a simple linear regression

> library(ggplot2)

> set.seed(123)

> index <- sample(1:nrow(diamonds), 50) # try a subset first

> diamonds2 <- diamonds[index,]

> fit <- lm(price ~ carat, data=diamonds2)

> fit

Call:

lm(formula = price ~ carat, data = diamonds2)

Coefficients:

(Intercept) carat

-2511 8060



Confidence intervals vs prediction intervals

> confint(fit)

2.5 % 97.5 %

(Intercept) -3522.082 -1500.825

carat 6986.249 9134.442

> head(predict(fit, interval='confidence'))

fit lwr upr

15512 5790.702 5287.9285 6293.476

42521 1518.719 933.4478 2103.990

22060 11513.547 10441.9885 12585.106

47628 1599.323 1020.6606 2177.985

50726 3130.788 2648.5774 3612.999

2458 3211.392 2732.3831 3690.400



Multicollinearity



Including correlated predictors is not helpful

> summary(lm(price ~ x, data=diamonds2))

Call:

lm(formula = price ~ x, data = diamonds2)

Residuals:

Min 1Q Median 3Q Max

-2916.8 -1297.6 -120.8 874.9 6015.5

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -14989 1524 -9.837 4.32e-13 ***

x 3280 256 12.812 < 2e-16 ***

---

Signif. codes: 0 âĂŸ***âĂŹ 0.001 âĂŸ**âĂŹ 0.01 âĂŸ*âĂŹ 0.05 âĂŸ.âĂŹ 0.1 âĂŸ âĂŹ 1

Residual standard error: 1839 on 48 degrees of freedom

Multiple R-squared: 0.7737, Adjusted R-squared: 0.769

F-statistic: 164.2 on 1 and 48 DF, p-value: < 2.2e-16



Including correlated predictors is not helpful

> summary(lm(price ~ y, data=diamonds2))

Call:

lm(formula = price ~ y, data = diamonds2)

Residuals:

Min 1Q Median 3Q Max

-2737.3 -1396.8 -78.0 990.5 5811.7

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -14923.6 1512.2 -9.869 3.89e-13 ***

y 3272.1 254.3 12.867 < 2e-16 ***

---

Signif. codes: 0 âĂŸ***âĂŹ 0.001 âĂŸ**âĂŹ 0.01 âĂŸ*âĂŹ 0.05 âĂŸ.âĂŹ 0.1 âĂŸ âĂŹ 1

Residual standard error: 1833 on 48 degrees of freedom

Multiple R-squared: 0.7753, Adjusted R-squared: 0.7706

F-statistic: 165.6 on 1 and 48 DF, p-value: < 2.2e-16



Including correlated predictors is not helpful

> summary(lm(price ~ x+y, data=diamonds2))

Call:

lm(formula = price ~ x + y, data = diamonds2)

Residuals:

Min 1Q Median 3Q Max

-2755.3 -1380.0 -71.8 977.9 5831.1

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -14934 1538 -9.712 8.15e-13 ***

x 328 5240 0.063 0.950

y 2946 5222 0.564 0.575

---

Signif. codes: 0 âĂŸ***âĂŹ 0.001 âĂŸ**âĂŹ 0.01 âĂŸ*âĂŹ 0.05 âĂŸ.âĂŹ 0.1 âĂŸ âĂŹ 1

Residual standard error: 1852 on 47 degrees of freedom

Multiple R-squared: 0.7753, Adjusted R-squared: 0.7657

F-statistic: 81.07 on 2 and 47 DF, p-value: 5.808e-16



Multicollinearity and higher order terms



Carat is an important linear term

> summary(lm(price ~ carat, data=diamonds2))

Call:

lm(formula = price ~ carat, data = diamonds2)

Residuals:

Min 1Q Median 3Q Max

-2803.9 -913.7 -20.2 583.3 5049.3

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -2511.5 502.6 -4.997 8.16e-06 ***

carat 8060.3 534.2 15.088 < 2e-16 ***

---

Signif. codes: 0 âĂŸ***âĂŹ 0.001 âĂŸ**âĂŹ 0.01 âĂŸ*âĂŹ 0.05 âĂŸ.âĂŹ 0.1 âĂŸ âĂŹ 1

Residual standard error: 1613 on 48 degrees of freedom

Multiple R-squared: 0.8259, Adjusted R-squared: 0.8222

F-statistic: 227.7 on 1 and 48 DF, p-value: < 2.2e-16



But is much less important if we add a quadratic term

> summary(lm(price ~ carat + I(carat^2), data=diamonds2))

Call:

lm(formula = price ~ carat + I(carat^2), data = diamonds2)

Residuals:

Min 1Q Median 3Q Max

-2763.4 -876.7 57.3 452.3 5012.7

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -2033.4 944.7 -2.152 0.03654 *

carat 6843.8 2099.9 3.259 0.00208 **

I(carat^2) 612.0 1021.2 0.599 0.55185

---

Signif. codes: 0 âĂŸ***âĂŹ 0.001 âĂŸ**âĂŹ 0.01 âĂŸ*âĂŹ 0.05 âĂŸ.âĂŹ 0.1 âĂŸ âĂŹ 1

Residual standard error: 1624 on 47 degrees of freedom

Multiple R-squared: 0.8272, Adjusted R-squared: 0.8198

F-statistic: 112.5 on 2 and 47 DF, p-value: < 2.2e-16



Carat and carat2 are correlated

> with(diamonds2, plot(carat, carat^2,

+ main=paste('cor =', round(cor(carat, carat^2), digits=3)))
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Linear transofrmations remove some correlation

> with(diamonds2, plot(carat-mean(carat), (carat-mean(carat))^2,

+ main=paste('cor =',
+ round(cor(carat-mean(carat), (carat-mean(carat))^2), digits=3)))
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Poly makes transformations that remove all correlation

> summary(lm(price ~ poly(carat, 2), data=diamonds2))

Call:

lm(formula = price ~ poly(carat, 2), data = diamonds2)

Residuals:

Min 1Q Median 3Q Max

-2763.4 -876.7 57.3 452.3 5012.7

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 4246.3 229.7 18.487 <2e-16 ***

poly(carat, 2)1 24341.5 1624.1 14.987 <2e-16 ***

poly(carat, 2)2 973.3 1624.1 0.599 0.552

---

Signif. codes: 0 âĂŸ***âĂŹ 0.001 âĂŸ**âĂŹ 0.01 âĂŸ*âĂŹ 0.05 âĂŸ.âĂŹ 0.1 âĂŸ âĂŹ 1

Residual standard error: 1624 on 47 degrees of freedom

Multiple R-squared: 0.8272, Adjusted R-squared: 0.8198

F-statistic: 112.5 on 2 and 47 DF, p-value: < 2.2e-16



Steps of model building



Steps of model building (1)

I Data examination
I outliers? errors? missing data?
I correct records; complete missings; remove unreliable predictors

I Preliminary model investigation
I scatterplots; correlations between X s and between X s and Y ;

normality of errors
I potential transformations of Y
I remove redundant or uninformative variables
I identify potentially important predictors that are not part of

the dataset



Steps of model building (2)

I Further reduction of potential predictors: domain knowledge

I (Semi-)automated subset selection techniques
I Model refinement

I higher-order terms (curvature, interactions)
I consider influential or atypical observations
I a small number of competing models can be kept at this stage

I Model validation
I stability of estimated coefficients on new dataset
I predictive ability on new dataset

I one model can be better at estimation, but another better at
prediction



Example: surgical unit



Example: surgical unit

I Random sample of 54 patients undergoing a liver operation

I Response surv or lsurv post-operation
survival (or log-survival) time

I Predictor variables
I blood blood clotting score
I prog prognostic index
I enz enzyme function score
I liver liver function score
I age in years
I female gender, 0=male, 1=female
I modAlc and heavyAlc alcool use



Getting to know the data

> X <- read.table('/Users/ovitek/Dropbox/Olga/Teaching/CS6220/Fall15/LectureNotes/3-multipleRegression/surgical.txt', sep='')
> dimnames(X)[[2]] <- c('blood', 'prog', 'enz', 'liver',
+ 'age', 'female', 'modAlc', 'heavyAlc', 'surv', 'lsurv')
> dim(X)

[1] 54 10

> head(X)

blood prog enz liver age female modAlc heavyAlc surv lsurv

1 6.7 62 81 2.59 50 0 1 0 695 6.544

2 5.1 59 66 1.70 39 0 0 0 403 5.999

3 7.4 57 83 2.16 55 0 0 0 710 6.565

4 6.5 73 41 2.01 48 0 0 0 349 5.854

5 7.8 65 115 4.30 45 0 0 1 2343 7.759

6 5.8 38 72 1.42 65 1 1 0 348 5.852

> sum(is.na(X))

[1] 0



Getting to know the data

> round(cor(X[,-c(9:10)]), digits=2)

blood prog enz liver age female modAlc heavyAlc

blood 1.00 0.09 -0.15 0.50 -0.02 0.04 -0.10 0.22

prog 0.09 1.00 -0.02 0.37 -0.05 0.12 0.13 -0.08

enz -0.15 -0.02 1.00 0.42 -0.01 0.14 -0.09 0.12

liver 0.50 0.37 0.42 1.00 -0.21 0.30 -0.02 0.13

age -0.02 -0.05 -0.01 -0.21 1.00 0.01 0.15 -0.11

female 0.04 0.12 0.14 0.30 0.01 1.00 0.04 -0.06

modAlc -0.10 0.13 -0.09 -0.02 0.15 0.04 1.00 -0.51

heavyAlc 0.22 -0.08 0.12 0.13 -0.11 -0.06 -0.51 1.00



Getting to know the data
> pairs(X)
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Exhaustive subset selection

> library(leaps)

> # By default - exhaustive search

> regfit.full <- regsubsets(lsurv ~ ., nvmax=3, data=X[,-9])

> reg.summary <- summary(regfit.full)

> names(reg.summary)

[1] "which" "rsq" "rss" "adjr2" "cp" "bic" "outmat" "obj"

> reg.summary$which

(Intercept) blood prog enz liver age female modAlc heavyAlc

1 TRUE FALSE FALSE TRUE FALSE FALSE FALSE FALSE FALSE

2 TRUE FALSE TRUE TRUE FALSE FALSE FALSE FALSE FALSE

3 TRUE FALSE TRUE TRUE FALSE FALSE FALSE FALSE TRUE



Exhaustive subset selection

> reg.summary$rsq

[1] 0.4275662 0.6632899 0.7780337

> reg.summary$adjr2

[1] 0.4165579 0.6500855 0.7647157

> which.max(reg.summary$adjr2)

[1] 3

> coef(regfit.full, 3)

(Intercept) prog enz heavyAlc

4.29068119 0.01493053 0.01447422 0.42907938



Exhaustive subset selection

> plot(reg.summary$adjr2, xlab='Number of variables',
+ ylab='adj R2', type='l')
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Larger number of predictors: heuristics

I Forward selection
I start with no variables
I add one variable with best F-value

(only if p-value < sle)
I add the next variable with best F-value given the previous

variables in the model
(only if p-value < sle)

I stop if no variables can be added with
p-value < sle

I Backward elimination
I start with all the variables
I delete the variable that has the smallest extra SS (only if

p-value > sls)
I delete the next variable that has the smallest extra SS (only if

p-value > sls)
I stop when all variables have p-value < sls



Larger number of predictors: heuristics

I Stepwise search
I start with no variables
I add variables sequentially as in forward selection, using sle
I once a variable is added, remove all insignificant variables as in

backward elimination, using sls
I stop when nothing can be added, and nothing non-significant

can be removed
I fix sle ≤ sls to void cycling.



Example: forward selection

> regfit.full1 <- regsubsets(lsurv ~ ., method='forward',
+ data=X[,-9])

> reg.summary1 <- summary(regfit.full1)

> #reg.summary1

> reg.summary1$adjr2

[1] 0.4165579 0.6500855 0.7647157 0.8159970 0.8205081 0.8234494 0.8225974

[8] 0.8187737

> which.max(reg.summary1$adjr2)

[1] 6



Example: surgical unit



Data-rich situation: independent validation

I Gold standard of validation

I If the number of observations is large, randomly partition the
dataset into three parts

1 Training set
I predictive ability of any model is too optimistic (model fit

caters to the training set)

2 Independent variable selection set
I select predictors that minimize predictive error on this

independent set
I predictive ability of the ”best” model is still too optimistic

(variable selection caters to the variable selection set)



Data-rich situation: independent validation

3 Independent validation set
I verifies the predictive ability of the model based on these

completely independent data

MSPR =

∑n∗

i=1 (Yi − Ŷi )
2

n∗

I n∗ = # of observations in validation set



Data-poor situation: cross-validation

I If # of observations is relatively small, but larger than # of
variables, randomly partition the dataset into three parts

I (1) training, (2) var. selection, (3) validation

I Iteratively use each part for training / variable selection /
validation

I each observation will play each role once
I a value of predictive error for each observation
I better use of the resources
I may have a different model at different iteration of

cross-validation

I See JWHT Sec. 6.5.3 for R code
I Or, use library(DAAG)

Maindonald, J.H. and Braun, W.J. (3rd Ed., 2010) Data
Analysis and Graphics Using R



Example: cross-validation [Long output. Run in R]
> library(DAAG)

> lm.full <- lm(lsurv ~ ., data=X[,-9])

> CVlm(X[,-9], lm.full)

Analysis of Variance Table

Response: lsurv

Df Sum Sq Mean Sq F value Pr(>F)

blood 1 0.78 0.78 17.73 0.00012 ***

prog 1 2.59 2.59 59.11 9.8e-10 ***

enz 1 6.33 6.33 144.63 1.2e-15 ***

liver 1 0.02 0.02 0.56 0.45767

age 1 0.13 0.13 2.89 0.09615 .

female 1 0.05 0.05 1.19 0.28067

modAlc 1 0.09 0.09 2.03 0.16137

heavyAlc 1 0.85 0.85 19.31 6.7e-05 ***

Residuals 45 1.97 0.04

---

Signif. codes: 0 âĂŸ***âĂŹ 0.001 âĂŸ**âĂŹ 0.01 âĂŸ*âĂŹ 0.05 âĂŸ.âĂŹ 0.1 âĂŸ âĂŹ 1

fold 1

Observations in test set: 18

1 3 5 12 16 20 22 23 26 29 31

Predicted 6.455 6.387 7.44 5.708 6.503 6.6898 6.105 6.174 6.309 5.92 5.9775

cvpred 6.372 6.227 7.29 5.660 6.541 6.6539 6.311 5.974 6.342 5.89 6.0293

lsurv 6.544 6.565 7.76 5.549 6.695 6.7310 5.866 6.395 6.621 6.17 6.0940

CV residual 0.172 0.338 0.47 -0.111 0.154 0.0771 -0.445 0.421 0.279 0.28 0.0647

41 43 44 48 51 52 54

Predicted 5.993 7.21260 6.3351 7.43 6.12 6.422 6.60529

cvpred 5.869 7.14454 6.2259 7.48 6.14 6.504 6.48525

lsurv 6.283 7.14700 6.2880 7.17 6.00 6.361 6.47800

CV residual 0.414 0.00246 0.0621 -0.31 -0.13 -0.143 -0.00725

Sum of squares = 1.25 Mean square = 0.07 n = 18

fold 2

Observations in test set: 18

2 7 9 24 25 27 28 30 32

Predicted 6.0551 6.315 6.625 6.630 6.809 6.220 7.49660 6.2977 5.431

cvpred 6.0634 6.516 6.600 6.733 7.026 6.166 7.58572 6.3348 5.406

lsurv 5.9990 6.250 6.962 6.332 6.478 6.302 7.58300 6.3960 5.198

CV residual -0.0644 -0.266 0.362 -0.401 -0.548 0.136 -0.00272 0.0612 -0.208

34 35 36 37 38 42 47 49 50

Predicted 7.167 6.30 6.4876 6.366 6.107 6.3569 6.925 6.3244 6.877

cvpred 7.318 6.50 6.5303 6.268 6.286 6.4592 7.028 6.3165 6.730

lsurv 6.944 6.18 6.4530 6.519 5.893 6.3660 6.867 6.3650 6.983

CV residual -0.374 -0.32 -0.0773 0.251 -0.393 -0.0932 -0.161 0.0485 0.253

Sum of squares = 1.3 Mean square = 0.07 n = 18

fold 3

Observations in test set: 18

4 6 8 10 11 13 14 15 17 18

Predicted 5.936 5.9574 6.347 6.638 6.812 7.3352 6.8108 6.62 6.06 5.477

cvpred 6.005 5.8639 6.303 6.681 6.856 7.4101 6.8401 6.70 5.92 5.516

lsurv 5.854 5.8520 6.619 6.875 6.613 7.3610 6.7540 6.55 6.53 5.321

CV residual -0.151 -0.0119 0.316 0.194 -0.243 -0.0491 -0.0861 -0.15 0.61 -0.195

19 21 33 39 40 45 46 53

Predicted 6.474 6.127 6.161 6.316 6.392 6.534 6.26 6.406

cvpred 6.495 6.215 6.226 6.223 6.343 6.604 6.19 6.465

lsurv 6.309 5.883 6.019 6.457 6.558 6.178 6.42 6.310

CV residual -0.186 -0.332 -0.207 0.234 0.215 -0.426 0.23 -0.155

Sum of squares = 1.21 Mean square = 0.07 n = 18

Overall (Sum over all 18 folds)

ms

0.0696



Visualization of cross-validation: fit
> CVlm(X[,-9], lm.full, printit=FALSE, plotit='Observed')
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Visualization of cross-validation: residuals
> CVlm(X[,-9], lm.full, printit=FALSE, plotit='Residual')
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Cross-validation and variable selection

I Orange line: in-sample prediction error
I Blue line: cross-validated prediction error

I Error bars are obtained over each fold (alternatively, by
repeatedly partitioning data into folds)244 7. Model Assessment and Selection

Subset Size p

M
isc

la
ss

ific
at

io
n 

Er
ro

r

5 10 15 20

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

•
• •

•
•

• •
•

•
• • • • • • • • • • •

•
•

• •
•

•
• •

• • • • • • •
• • • • •

FIGURE 7.9. Prediction error (orange) and tenfold cross-validation curve
(blue) estimated from a single training set, from the scenario in the bottom right
panel of Figure 7.3.

ear model with best subsets regression of subset size p. Standard error bars
are shown, which are the standard errors of the individual misclassification
error rates for each of the ten parts. Both curves have minima at p = 10,
although the CV curve is rather flat beyond 10. Often a “one-standard
error” rule is used with cross-validation, in which we choose the most par-
simonious model whose error is no more than one standard error above
the error of the best model. Here it looks like a model with about p = 9
predictors would be chosen, while the true model uses p = 10.

Generalized cross-validation provides a convenient approximation to leave-
one out cross-validation, for linear fitting under squared-error loss. As de-
fined in Section 7.6, a linear fitting method is one for which we can write

ŷ = Sy. (7.50)

Now for many linear fitting methods,

1

N

N∑

i=1

[yi − f̂−i(xi)]
2 =

1

N

N∑

i=1

[yi − f̂(xi)

1− Sii

]2
, (7.51)

where Sii is the ith diagonal element of S (see Exercise 7.3). The GCV
approximation is

GCV(f̂) =
1

N

N∑

i=1

[
yi − f̂(xi)

1− trace(S)/N

]2

. (7.52)

From Hastie, Tibshirani, Friedman The elements of Statistical
Learning, 2nd Ed., Springer
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