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ACHY
whichgift would be worth more over 75years

1 a magicpenny whose value doubles every 3years
2 10 a day

a Write 1st impression before math
b compute and compare

a 10 Haday
b 10 day

exponentialpenny

Activity which would produce more value over

the life of the universe
1 A magic penny whose value doubles every 100,000
2 1,000 000,000,000 a second

a what are your 1st impression pre math

b explain maybe don't compute

Wtponential



Takeaway Some functions grow faster than others

An exponential function will become larger than
linear growth no matter

how small the initial value to double is
how large the initial value for linear growt
how often the doubling occurs
how steep the linear growth is

Why do we care about how fast a function grows

Consider two different computer programs
that accomplish the same thing However on input
size n

Algorithm 1 takes 00001.2 steps
Algorithm 2 takes 9999999 9999999h



We know Algorthm 2 will at some point take
fewer steps

In fact at n 46 Algorithm 2 is slower

Comparing how fast algorithms run

Hefast
sorta slow SYPE

on input of length n how would we classify
these algorithms

n n 100000000000
31m n't logn

2n p 0000000
n ogn



We need a better way of putting our run times
in buckets so we can compare them

aka a way to say a function fin is

bigger than
smaller than
the same as

another function g n

Big 0 Notation

f n O g n is similar to fin g n

g grows faster than t

Big o ofgofn

It means that at a certain point gen will be

larger than f n past some point

fin O g n
Aff f n

adiffereffepoint
somepoint

no



Formally no C IN s t n no

O fin c gin

There exists two natural numbers no c sit

for any value of n greater than no if you
evaluate fin its result will be smaller
than c gin

Cool so we have our definition how do we use it

e g Sn O n

we need to find values of C2 no Sit

n no en OE Sn c m

Let's start no what does c need to be
n 1 fin Sn gin p

9th

S

c needs to be 5

Does this work for me In 3
5 3 5.32

weak induction
0 5 no I Sn Sn nI



Big O FAQs

1 Aren'tthere infinitely many choices for c no
could have not C S

Yep no 10,000 0 1

no 10,000 10 000

2 So why choose the ones we did
We want our proof to convince other people
than us So 100000000 and no 100000

Is hard to think about

3 How do I know what value to use Will I lose

points if I don't choose correctly
There are many values of do that
work try to choose values for c no
that are 20

Exercises For true statements state cano
For false statements give justification

possibly a graph c allows us to
control the slope of

1 20 O x 2 3 06 2 9h

no 2 0 30 20 04 3 x2

x 2 False
20k i now

of C works

no



no
3 0120 4 2 01 3

X2 no 2 C

e
8

f n O gcn g n grows at least as quickly as
f n

Why do we only care about really big values
of n

n input size fin is compute time
This type of abstraction isn't really needed
for small values of n which can easily
be computed

What is up w this whole C thing
Recall
20 O x X 0 20

is at least as Zox is atleast
fast as 20x as fast as

it seems 20 belong in the same
bucket of linear growth

C captures idea of functions being
mutually Big 0 to each other



Useful insight 1 ignore constant multipliers
in a function when considering Big 0

fin 1000h Ocn f n 9999999h
Common Buckets On

log log linear freq
I logN N NOgNN N 2N 3N N NN

constant linear polynomial factorial

slowergrowth fastergrowth

A concrete comparison
input size

run
times

n vs 0 2n

100h



Only the biggest function of n matters

antben
n n 4n

acn n2

b n 4h

informatifah grows faster than ben then
Ccn acn bin grows as quickly
as a n

largest power of n determines bucket

Formally if ben Olach then
Ccn Ocain

Formally showing it w no IC Cn Ocha
n n 4h Noel C 5

n 12 4.1 5.12 5m

n 2 22 4 2 5.4 V
n 3 3.2 4.3 5.9

174N



Quickly assessing function growth
log log linear freq

I logN N NOgNN N 2N 3N N NN

constant linear polynomial factorial

insight 1 ignore constants
insight 2 discard slowergrowing terms

fln it logion 14h n 00001 2N

012N

129 linear exponential

Find simpliest I lognnnlognnefw.ee 2 3N N N
Big 0

1 f n 2n 3h2
constant hear Tynomial fafr.ae

Oln

2 f n 1234 nlogh 7 4 3 n00071.01

011.01



So far we wanted

aka a way to say a function fin is

bigger than
smaller than Big 0
the same as

another function g n

Now how we capture fin is bigger than g n

Big Omega

Big Bigomege

f n Olgen f n R gcn

no CEIN sit no CEIN sit
nano O fin c gin n no O cgin fin

gln is an upper bound gin is a lower bound

for f n for f n
g n

Lt Eft



Example fin 4h 2 fin n

no 1 1

f n 4nt2

gen _n

no

So far we wanted

aka a way to say a function fin is

bigger than BigOmega
smaller than Big 0
the same as Big Theta

another function g n

BigThett two functionsgrow equallyquickly

f n O g n

G G not NS.t fftfthge
n no

O cigen fin cagen



Big 0 and Big Omega Big Theta

f n O g n AND fin I gcn

I
fin gen

Examples fin 5m 3h 5

f n O n fin R n2
then

fin O n

Examples Are the following statements true or false

1 n 0cm T

2 n R n n'En t

3
tn

n oc.in T
och

4 14 nlogan O 15h logan T
Toon nlogan

5 logan O logion hint log
T

logan


